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Abstract
This paper presents a fundamental study of the validity of the Energy Finite Element Method (EFEM) for plates
with hysteresis damping. Assumptions and approximations in the derivation of the fundamental energy equa-
tions of EFEM limit the validity region of the method. Recent publications present indicators for limits of the
validity region, based on experimental deduction and experience. This paper discusses a more fundamental
explanation of the validity limits in terms of the assumptions and approximations of EFEM. For plates with
hysteresis damping, a limit is found in terms of characteristic dimensions of the plate with respect to the wave-
length. Plates with different shapes and boundary conditions are studied. Numerical examples with validation
in analytic modal superposition solutions and classical dynamic FEM support the conclusions.

1. Introduction

At high frequencies, Statistical Energy Analysis
(SEA) [1-3] represents a widely accepted, theoretical
framework for the analysis of the dynamic response
of complex systems. SEA uses kinetic energy as a
general response descriptor. Complex vibro-acoustic
systems are modelled as a composition of subsystems
of similar modes. SEA parameters describe the
ability of subsystems to store energy (modal density),
to dissipate energy (internal loss factor) and to
transfer energy (coupling loss factors). SEA provides
information about the lumped energy stored in each
subsystem.

The Energy Finite Element Method (EFEM) [4-
11] is a more recent tool for the prediction of the
vibrational behaviour of structures in the high fre-
quency range. Like SEA, EFEM predicts mechanical
energy based on energy equilibrium equations but
where SEA uses macro subsystems, EFEM uses
infinitesimal structural or acoustic subsystems. As a
result, EFEM is capable of predicting the smoothed
spatial variation of the mechanical energy and the
application of local effects such as localised power
inputs and local damping treatments is more straight-
forward. As shown in [5-7], the smoothed energy of
EFEM in components like beams, plates or acoustic
volumes is conceptually similar to the equations of
static heat flow, which can easily be solved by the
finite element method. Because of the finite element

formulation of EFEM, a low-frequency classical
FEM database can be used for a high-frequency
EFEM calculation. This is a big advantage over SEA
since SEA needs (i) a not-straightforward process of
dividing a complex system into SEA subsystems and
(ii) the derivation of a completely different database
with SEA parameters.

Although the number of publications on applica-
tions of EFEM is growing, only few theoretical con-
siderations can be found on the validity, accuracy and
robustness of this predictive tool. Recent publications
on EFEM [8-11] show some practical applications in
which EFEM is successfully applied and experimen-
tally validated for beam assemblies, sound transmis-
sion problems, a heavy equipment cab and marine ap-
plications. Based on experiments, Gur [8] expresses
a wavelength criterion for beams and plates in order
to get a lower limit of the frequency for the validity
of EFEM. Vlahopoulos [10] expresses a more vague
wavelength criterion, for deciding whether a compo-
nent exhibits high frequency behaviour. A member is
long (or exhibits high frequency behaviour) if there is
uncertainty when comparing the exact dimension of a
member with the number of waves within it.

In [4] the validity of EFEM was studied for sin-
gle and coupled square plates. The validity limits of
EFEM were compared to criteria that were found in
literature for SEA and for experimental EFEM case
studies. This paper extends the conclusions in [4] to
plates of different shapes.



2. Theoretical background

This section gives a brief overview of the formulation
of EFEM for flexural waves in plates. A steady-state
energy balance of an infinitesimal part of a plate re-
sults in :

Pin = Pdiss +r~I (1)

where Pin is the applied power ([W=m2]), ~I is the
intensity (or energy flow) vector ([W=m]) and Pdiss

is the dissipated power ([W=m2]). The two right
hand terms are expressed in terms of energy density e
([J=m2]) in the next paragraphs.

2.1 Dissipation of energy due to internal
hysteresis damping

Dissipation of energy can be caused by a large num-
ber of mechanisms. The present study adopts a hys-
teresis damping model. The structure’s ability to dis-
sipate energy is quantified by the material damping
loss factor �. This factor appears in the complex elas-
tic modulus Ec = E(1 + j�) and the complex shear
modulus Gc = G(1 + j�).

According to [16], the time averaged dissipated
power in a differential volume is proportional to the
time averaged potential energy density :

hPdissi = 2!� hepoti (2)

where ! is the pulsation, � damping loss factor and
’hi’ denotes a time averaged quantity.

If the time averaged potential energy density ap-
proximately equals the time averaged kinetic energy
density, hepoti �= hekini, this equation becomes :

hPdissi = !� hei (3)

with hei the total time averaged energy density, sum
of potential and kinetic time averaged energy, or twice
the time averaged kinetic energy.

This is completely similar to the expression for en-
ergy dissipation within a SEA subsystem i :

Pdissi = !�iE (4)

where �i is the internal loss factor, Pdissi ([W ]) is the
dissipated power in subsystem i and E ([J]) is the
lumped energy of the subsystem (calculated as twice
the kinetic energy).

The main approximation in this result, is the as-
sumption that the potential energy equals the

kinetic energy. In [6] it was observed that for
finite rods, this assumption is acceptable in the high
frequency range and when the energy quantities are
frequency averaged. By frequency averaging the
behaviour of finite structures tends towards the be-
haviour of infinite or semi-infinite structures. It was
also observed that the potential and kinetic energies
of higher damped structures are approximately equal
at lower frequencies than less damped structures.
When the quantities are frequency averaged, this
difference between structures with different damping
values diminishes.

This is a first and fundamental assumption that
will provide limits on the validity region of energy
methods with hysteresis damping. The hysteresis
damping model is often applied when comparison is
made between the high frequency energy methods
and numerical classical dynamic FEM results, since
damping is most easily included in classical FEM by
means of a complex elasticity modulus.

2.2 Energy flow within plates

This paragraph develops the governing differential
equation which relates the intensity or the energy flow
with the energy density. The basic form of the farfield
transverse displacement w of a plate due to a har-
monic load with pulsation ! can be expressed as :

w = [Axe
�jkxx

+Bxe
jkxx

][Aye
�jkyy

+ Bye
jkyy

]ej!t

(5)

where kx and ky are the complex wavenumbers in x
and y direction at ! and Ax, Bx, Ay and By are com-
plex coefficients depending on the boundary condi-
tions. These coefficients describe the amplitudes of
the propagating plane waves in the positive and neg-
ative x and y directions, respectively.

The time averaged total energy density e is :

hei = hepoti+ hekini (6)
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where the stresses �x, �y and �xy are the normal and
shear stresses at the outer fibre (plane stress), h is the
thickness of the plate, D = Eh3=[12(1� �2)] is the
bending stiffness of the plate, � is the damping loss
factor as in paragraph 2.1, � is the Poisson’s ratio, �
is the volumetric mass density and < denotes the real
part of a complex number.

The time averaged intensity in x and y direction
can also be written in terms of the farfield displace-
ment w :

hIxi =
1
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where Dc = D(1 + j�) is the complex bending stiff-
ness of the plate.

When averaged over one wavelength, the relation-
ship between the time averaged intensity components
hIxi and



Iy
�

and the time averaged energy density
hei is [5] :

D
~I
E
= � c2g

�!
rhei (9)

where cg is the group speed of the flexural waves at
! and 0 0 denotes a spatial averaged quantity.

Substitution of equations (3) and (9) in equation
(1), yields :

� c2g

�!
r2 hei+ �! hei = 0 (10)

This equation constitutes the governing differential
equation for EFEM. The equation is conceptually
similar to the steady-state heat flow equation (with a
conduction and a convection term) and can be solved
by the finite element method.

The main approximations in the derivation of
the energy flow equation are the following :

� In EFEM, only farfield waves (or propagating
waves) are retained in the analysis. The EFEM
only captures the energy associated with the re-
verberant field [10]. The energy associated with
the evanescent waves is ignored. The application

of EFEM is valid when several wavelengths are
present within a component. This requirement
is equivalent to the SEA criterion for high modal
density. When several wavelengths are available,
there will be a mixing of phases due to the mul-
tiple reflected waves and a reverberant field is
generated. Note that this is a basic assumption
for both SEA and EFEM. The following sections
try to quantify this wavelength criterion.

� Only plane waves are included in the analysis.

� Not only time and frequency averaging but also
spatial averaging is necessary for the derivation
of the basic EFEM equations. In theory, this av-
eraging needs to be done over at least one wave-
length.

3. Validity of EFEM for plates

This section discusses the validity of EFEM for plates
excited out-of-plane. The first paragraph discusses
some parameters from literature that give an indica-
tion of the applicability of EFEM. In the next para-
graph, these criteria are cross-checked with the basic
assumptions in EFEM for plates.

3.1 Critical parameters for the validity of
EFEM

Where SEA approaches high-frequency vibrations
from a modal point of view, EFEM is based on a
wave approach. This section illustrates that some
parameters that give an indication of the validity of
SEA can be related to the wave approach in EFEM.
In literature, also some indications can be found for
the validity of EFEM from experimental deduction
or experience. Both will be briefly addressed here.

Fahy [3] states that the uncertainty of SEA pre-
dictions may be unacceptably high when the modal
overlap factors of the uncoupled subsystems are much
less than unity. For low modal overlap factors, the
results for a single sample of a class of system may
be quite unrepresentative for the ensemble-average
values.

The modal overlap factor is defined as :

MOF = �n(!)! (11)

where n(!) is the modal density (in modes per
rad=s).



In order to obtain an equivalent criterion for
EFEM, the modal overlap factor is expressed in terms
of wave characteristics. For flexural waves in plates,
the modal density is [1]:

n(!) =
kS

2�cg
=

k2S

4�!
=

�S

!�2
(12)

withk the real part of the flexural wavenumber at !, S
the area of the finite plate, cg the group speed of flex-
ural waves in the plate at ! and � the corresponding
wavelength of the flexural waves at !.

Define a non-dimensional parameter l:

l =
L

�
(13)

where � is the flexural wavelength and L is the char-
acteristic plate length which can be defined as the
square root of the area of the plate (

p
S). The non-

dimensional parameter l expresses the number of
wavelengths that are captured in the plate. The pa-
rameter l will increase with frequency for a particular
plate, since wavelengths decrease with frequency.

With (13), the modal overlap factor for flexural
waves can then be written as :

MOF = �
��
!
l2
�
! = ��l2 (14)

and the criterion of Fahy [3], MOF > 1, becomes :

��l2 > 1 or l >

r
1

��
(15)

This extension of the criterion for SEA to EFEM
implies that the lower limit of the frequency range
where EFEM can be applied is dependent on the
damping �.

Another criterion for the validity of EFEM can
be found in [8]. Gur deduces out of experimental
case studies a wavelength criterion for the va-
lidity of EFEM for plate structures. Gur uses a
non-dimensional parameter with a slightly differ-
ent definition : the minimal plate dimension over
the largest wavelength of interest. If this non-
dimensional parameter is larger than 2:43, EFEM
can be used to analyse plate structures. In [8], no
theoretical explanation of this number is given. In
the next paragraphs the different options for the
definition of a characteristic dimension of the plate
are compared.

This requirement for EFEM is equivalent to the
SEA criterion for high modal density. Fahy [3] states

that it is necessary to have at least 5 resonant coupled
modes in the frequency band of interest. For a single
plate, the number of modes N in a frequency band
can also be related to the non-dimensional parameter
l, which results after some calculation in : (with (12))

N =
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where �1 and �2 are the wavelengths at the lower fre-
quency!1 and the higher frequency limit!2, and sim-
ilar notations for the wavelength parameter l.

By using one-third octave frequency bands for the
frequency averaging, the number of modes can be re-
lated to the non-dimensional parameter l at the lower
frequency !1 :

N = �l2
1

�
3
p
2� 1

�
�= 0:82 l2

1
(17)

The criterion of Fahy [3], N > 5, becomes :

�l2
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p
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(18)

This number is very close to the experimentally de-
duced number by Gur [8] as described above. The
next paragraphs validate the above wavelength crite-
ria for the limits of the validity region of EFEM based
on the assumptions in the derivation of EFEM.

3.2 Validity of EFEM on plates

As stated before, the basic equations of EFEM and
SEA for the internal dissipation of energy due to hys-
teresis damping are completely similar (see section
2.1). Since EFEM calculates the spatial distribution
of energy densities, the total energy balance of a sin-
gle plate can be written as :

Pin = Pdiss =

Z
Splate

�!e dS (19)

Note that this basic equation is automatically fulfilled
in SEA and EFEM. But, in theory, the energy
(
R
Splate

edS) that is calculated from the input power
by equation (19) is equal to twice the potential energy
where it is most commonly interpreted as the total
energy or twice the kinetic energy. The remainder
of this section investigates when the kinetic energy
equals the potential energy for finite plates.



Property Symbol Value

elasticity modulus E 200GPa

Poisson’s coefficient � 0:3

mass density � 7800kg=m3

thickness h 3mm

Table 1: Common properties of the plates.

An extensive study is performed on plates of
different shapes with uniform hysteresis damping.
Reference [4] discusses results for square plates. In
this paper, rectangular plates with different aspect
ratios and trapezoidal plates are studied. The plates
are excited by a harmonic point force (out-of-plane)
near the centre. Different boundary conditions (free-
free and simply supported) were applied. This study
aims at finding the most suitable descriptor of the
characteristic length of the plate in the wavelength
criterion : the minimal dimension (shortest distance
between two non adjacent edges, as proposed by Gur
[8]) or an mean dimension (square root of the surface
area, as proposed in the previous section).

The displacement solution of a simply supported
rectangular plate can be obtained by truncation of an
infinite series (superposition of modes). The com-
plete set of formulas can be found in [4]. For more
general shapes (like in this paper the trapezoidal
plates), displacement and stress results are obtained
by a classical FEM calculation (with MSC Nastran)
with a very fine mesh. The time averaged energy is
calculated as in equation (6) and inserted in equation
(19) to calculate the total dissipated power. Out of the
displacement results, the time averaged input power
is calculated as :

Pin =
1

2
<
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F

�
@wl

@t

�
�

�
(20)

where wl is the displacement at the excitation point.
This input power is compared to the calculated
dissipated power. The material and geometrical
parameters of the plate that remain constant during
the numerical tests are summarized in table 1.

For rectangular plates, numerous tests were per-
formed with different plate dimensions, different
damping loss factors (� ranging from 0:001 to
0:2), different frequencies and different aspect
ratios (longest over shortest plate dimension): 1,
�=2, 2 and 5. The plates were tested with simply
supported boundary conditions. Similar as in [4],

it was observed that the equality of the kinetic and
potential energy was not dependent on the damping
loss factors. However, different curves were obtained
for plates with different aspect ratios. For a given
aspect ratio, the difference between kinetic and po-
tential energy seemed to be a unique function of the
wavelength parameter l, as defined above. In other
words, for each combination of plate dimensions
with frequency that yields the same value for the
wavelength parameter l, the same ratio of input
power over dissipated power was obtained, when the
dissipated power was calculated with the total energy
density. When twice the potential energy was used to
calculate the dissipated power, the dissipated power
equals the input power as expected. This was used as
a check of the numerical results.
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Figure 1: Rectangular plates with different aspect ra-
tios, input power over total dissipated power.
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Figure 2: Rectangular plates with different aspect ra-
tios, input power over total dissipated power.



Figures 1 and 2 show the input power compared to
the total dissipated power for simply supported rect-
angular plates with aspect ratios equal to1 (square
plate),�=2, 2 and5. The different suggestions for the
definition of the wavelength parameter (as mentioned
before) are shown. Figure 1 uses theminimal
dimension as the characteristic plate dimension, i.e.
l = Lmin=� with Lmin the minimal plate dimension
and � the flexural wavelength. Figure 2 uses the
square root of the surface area as characteristic
length, i.e. l = Lmean=� with Lmean =

p
S where

S is the area of the plate. Note that the difference
between both definitions is a factor equal to the
square root of the aspect ratio.

Comparison offigures 1 and 2 confirm the ex-
pected result that theminimal plate dimension is
a more relevant parameter than themean plate
dimension in the wavelength criterion. The same
conclusion can be obtained for more generaltrape-
zoidal shaped plates. Two different trapezoidal
plates were studied as shown infigures 3 and 4. For
the trapezoidal plate infigure 3, the minimal plate
dimension is0:6m, where themean plate dimension
(defined as the square root of the surface area) is
equal to

p
0:9m2 �= 0:95m. For the trapezoidal plate

in 4, the minimal plate dimension is0:4m (note that
this doesnot correspond to the shortest edge), where
themean plate dimension is equal to0:6m.

0:2 0:6 0:4

1:2

1
:0

excitation

Figure 3: Trapezoidal plate, shape 1 (dimensions in
[m]).

0:2 0:6 0:4

1:2

0
:4 excitation

Figure 4: Trapezoidal plate, shape 2 (dimensions in
[m]).

The trapezoidal plates as described above, are sub-
jected to 2 different boundary condition sets : simply
supported edges and free-free conditions. Numerical
results for the displacements (to calculate the kinetic
energy, as in (6)) and the stresses (to calculate the po-
tential energy, as in (6)) were obtained by a classical
dynamicfinite element calculation with a veryfine
mesh : more than 8 elements per half wavelength.
The material properties and the thickness are again
as in table 1. Results for both trapezoidal plates for
both boundary condition sets are shown infigure
5 (with the minimal dimension as characteristic
plate dimension in the wavelength criterion) and
figure 6 (with themean dimension in the wavelength
criterion).
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Figure 5: Trapezoidal plates (shapes as in figures 3
and 4), with 2 different boundary condition sets.
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Figure 6: Trapezoidal plates (shapes as in figures 3
and 4), with 2 different boundary condition sets.



The results in figures 1, 2, 5 and 6 suggest that a
wavelength criterion as defined in the previous para-
graph can be explained in the use of kinetic or total
energy in the equations for damping losses instead of
potential energy. For high values of the parameter l,
the kinetic and potential energy can be assumed to
be equal, whereas at low values the differences can
be very large. The use of the wavelength criterion
with the minimal plate dimension is better than the
criterion with the mean plate dimension.

The prediction of the spatial distribution of
the energy density is a major advantage of EFEM
over SEA. As stated before, EFEM predicts a
smoothed approximation of the energy density.
Typical examples of the smoothed spatial distribution
of the energy density in a single rectangular plate are
reported in [5]. Figures 7 and 8 present typical results
of the spatial distribution of the energy density in
the trapezoidal plate as in figure 3 along the dashed
line. In figure 7, the damping loss factor � is 0:2,
where in figure 8 the damping loss factor � is equal
to 0:01. The results are shown for the one-third
frequency band of 2000Hz. In both figures, the
smoothed trend of the energy density is captured,
with an underestimation near the excitation and an
overestimation farther away from the excitation. By
comparing the two figures, it is clear that in structures
with higher damping, the results from the classical
FEM are closer to the EFEM predictions since the
local variations of the energy density become smaller.
A similar conclusion holds when comparing results
at different frequencies : there is a better match at
higher frequencies. In structures with low damping
values and at lower frequencies, the EFEM solution
provides only a mean value, similar as in SEA. These
observations confirm the criterion in equation (15)
qualitatively.

4. Conclusions

This paper discusses the validity of EFEM for plates
of different shapes with uniform hysteresis damping.
Modal criteria for the applicability of SEA from lit-
erature are expressed in terms of the wave charac-
teristics for EFEM. In literature, also experimentally
deduced wavelength criteria are reported. This pa-
per links these wavelength criteria with the basic as-
sumptions of EFEM. The equality of kinetic and po-
tential mechanical energy is found to be equivalent to
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Figure 7: Energy density along the dashed line in fig-
ure 3, for � = 0:2, at 2000Hz, comparison between
classical FEM and EFEM results.
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Figure 8: Energy density along the dashed line in fig-
ure 3, for � = 0:01, at 2000Hz, comparison between
classical FEM and EFEM results.

the wavelength criterion that the characteristic plate
dimension must be higher than 2:4 times the shortest
wavelength in the frequency range of interest. Below
this value, the total energy equilibrium (input power
equals total dissipated power) does not hold. This pa-
per suggests an optimal choice for the characteris-
tic plate dimension as the minimal plate dimension.
The spatial variation of the energy density within the
plates is a better approximation for the reference so-
lution at higher frequencies (shorter wavelengths) and
for structures with higher damping.
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