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Abstract
Requirements for the dynamic properties of a mechanical structure are commonly expressed in terms of eigen-
frequencies. Therefore, during the design phase of a mechanical structure much attention is paid to natural
frequencies and mode shapes. However, these modal properties tend to vary strongly if small variations are
applied on the design model. Therefore, the presence of open design decisions or other uncertain parameters
complicates strongly a meaningful dynamic design validation in an early design stage. A fuzzy finite element
method for the eigenvalue analysis has been developed to cope with this problem. This method results in fuzzily
defined modal properties indicating the degree of uncertainty on the eigenfrequencies and eigenmodes resulting
from the uncertain model. However, rather than eigenfrequencies, the specification of responses at frequencies
that are critical in the operating conditions of the structure would be a more realistic concept for dynamic design
requirements. In order to facilitate the use of such design requirements, a tool is needed to analyze the influence
of design decisions on responses at these specific frequencies. Therefore a method for the calculation of fuzzy
frequency response functions of uncertain structures is presented. The procedure calculates guaranteed bounds
on the envelope on the response function starting from interval bounded uncertainties on the input model. It
necessitates the calculation of guaranteed boundaries on the contribution of each individual mode to the total
frequency response function.

1. Introduction

During the design optimisation and validation phase,
a sound knowledge of the expected dynamic proper-
ties and their dependency on design decisions is pri-
mordial. Restricting the evaluation to one determin-
istic analysis in most cases will not be sufficient. In
general, when uncertainties exist on the definition of
a model (which is nearly always the case) the calcula-
tion of the exact probabilistic description on the result
of dynamical analyses is only possible through proba-
bilistic methods. However, not every uncertainty in an
early design stage can be formulated in a probabilis-
tic manner. Therefore, the probabilistic result may
be incorrect and lead to false conclusions as indicated
in [1]. The recently introduced fuzzy finite element
(FFE) method [2] addresses this problem since it is
capable of handling linguistic and therefore more re-
alistic uncertainty descriptions.

The main idea of FFE is to incorporate the fuzzy
model parameters in the classic deterministic analysis
procedure. Starting from the fuzzy input parameters,
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fuzzy system matrices are assembled applying basic
operations on the fuzzy model properties. The fur-
ther analysis is based on the fuzzy system matrices.
Historically, a number of concepts has been intro-
duced to perform calculations on fuzzy variables. The
most widely known concept consists of a sequence
of max-min operations on a numerical representation
of the membership functions of the fuzzy parameters.
Since the size of the representation of the fuzzy re-
sult grows exponentially with every operation, this
concept is rarely applied in large numerical compu-
tations. The �-sublevel technique is a valuable al-
ternative. It subdivides the membership range into a
number of �-levels. The intersection with the mem-
bership function at each level results in an interval. At
each �-sublevel, an interval analysis is performed, re-
sulting in a new interval at the corresponding �-level.
The intervals at all �-sublevels compose the resulting
membership function. Figure 1 illustrates this proce-
dure. The main problem now is how to calculate the
result of a function of interval defined variables. Ba-
sically, this is a bounded optimisation problem. Any
kind of optimisation procedure is applicable. How-
ever, whith growing complexity of the goal function,
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Figure 1: Calculation of the result of the function F
using the �-sublevel technique

the occurence of local optima complicates the exact
solution of the optimisation. The vertex method ap-
proximates the resulting interval observing the possi-
ble results of the goal function for all combinations of
boundary values on the input intervals. This method
is not capable of finding local optima since it is based
on a number of samples rather than an optimisation
procedure. Therefore, it is not safe to apply this pro-
cedure from design validation point of view. This pa-
per proposes a method for the calculation of the en-
velope FRF resulting from an interval defined model.
It does not calculate the exact envelope, but ensures
guaranteed bounds on the envelope, and therefore is
safely applicable for design validation purposes.

2. Envelope FRF approximation

2.1 Problem definition

Considering the first n modes, the amplitude of the
frequency response function between node j and k

equals

kFRFjkk =

����Xj

Fk
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=
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i
K�i � !2�T

i
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with K and M the stiffness and damping matrix and
�i = [�i1 ; : : :�in ]

T the i-th eigenvector. Simplifica-
tion of (2) yields

kFRFjkk =

�����
nX
i=1

1

k̂i � !2m̂i

����� (3)

with k̂i and m̂i the normalised modal parameters

k̂i =
�
T

i
K�i

�ij�ik

(4)
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�
T

i
M�i

�ij�ik

: (5)

The model contains m uncertain parameters �i, each
bounded to an interval Bi, expressed as � 2 B with
� = [�1; : : :�m]

T and B = [B1; : : :Bm]T .
The bounds on the amplitude of the total FRF are

kFRFjkk = max
�2B

�����
nX
i=1

1

k̂i � !2m̂i

����� (6)

kFRFjkk = min
�2B

�����
nX
i=1

1

k̂i � !2m̂i

����� : (7)

The dependency of the total FRF to the uncertain pa-
rameters � is implicit through the normalised modal
parameters, which depend on the uncertain parame-
ters through the model properties incorporated in K

and M and their corresponding eigenvectors as ex-
pressed in (4) and (5). Therefore, the solution of the
optimisation stated in (6) and (7) through classic it-
erative procedures is computationally intensive and
time-consuming. It cannot be efficiently solved us-
ing classic optimisation strategies. It has been shown
in [3] that an approximative optimisation procedure
results in safe boundaries on the total FRF envelope
expressed as

FRFjk =
nX
i=1

FRFjki (8)

FRFjk =
nX
i=1

FRFjki (9)

with FRFjki and FRFjki describing guaranteed up-

per respectively lower bounds on the envelope of the
i-the mode FRF. The calculation of these guaranteed
bounds on the single mode envelope FRF is based on
the exact single mode envelope FRF description

FRFjki =
1

min
�2B

�
k̂i � !2m̂i

� (10)

FRFjki =
1

max
�2B

�
k̂i � !2m̂i

� : (11)

Introducing the goal function F (!) =�
k̂i (�)� !

2
m̂i (�)

�
, the optimisation mathe-

matically expressed as

F (!) = max
�2B

�
k̂i (�)� !

2
m̂i (�)

�
(12)

F (!) = min
�2B

�
k̂i (�)� !

2
m̂i (�)

�
(13)

is the core of the single mode envelope FRF calcula-
tion. Since (8) and (9) use guaranteed bounds on the



envelope, guaranteed bounds F (!) and F (!) on the

optimised goal function F (!) obeying

F (!) � F (!) (14)

F (!) � F (!): (15)

are calculated. Inverting these gauranteed bounds on
the goal function F (!) results in guaranteed bounds
on the single mode envelope FRF. The next part

of this paper describes how to calculate F (!) and
F (!).

2.2 Solution procedures

Equations (12) and (13) indicate that the global opti-
misation problem of (6) and (7) is decomposed into
2n independent optimisation problems (2 for each
mode). For the sake of clarity, this part of the paper
omits the index i, assuming that everything accounts
for each individual mode.

It is impossible to perform the optimisation stated
in (12) and (13) for all frequencies within the anal-
ysed frequency band. The most straightforward so-
lution strategy is to perform the optimisation for a
limited number of discrete frequencies, and construct
an approximation for F (!) and F (!) interpolating
through the results of these discrete optimisations.
In order to ensure that this interpolation results in a
safe approximation for all intermediate frequencies, a
quadratic interpolation scheme is applied:

1. Define a grid in the frequency domain consisting
of � frequencies : [!1; : : : ; !� ].

2. Perform the optimisation of the goal function F
for these frequencies:

max
�2B

F (!�) = F �

min
�2B

F (!�) = F �

3. Compose an approximation for the optimised
goal function for all intermediate frequencies us-
ing

F (!) =

�
!
2
�+1 � !

2
�
F � +

�
!
2 � !

2
�

�
F �+1

!
2
�+1 � !2

�

F (!) =

�
!
2
�+1 � !

2
�
F � +

�
!
2 � !

2
�

�
F �+1

!
2
�+1 � !2

�

for all ! 2 [!�; !�+1]

A graphical representation of the single mode goal
function clarifies why the quadratic interpolation pro-
cedure ensures guaranteed upper and lower bounds
on the exact interval. Consider a 2 dimensional
workspace in k̂ and m̂. In this workspace, for one
given value of !, the goal function is represented by
a straight line, expressed as

k̂ � !
2
m̂ = F�

: (16)

All k̂; m̂-pairs on this line represent structures with
equal values F � for the goal function. The goal func-
tion can be graphically interpreted as the intersection
point of the line represented by (16) and the k̂-axis, as
indicated in Figure 2.
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Figure 2: Graphical interpretation of the goal function

The k̂; m̂-combinations resulting from all possible
combinations of input uncertainties � belong to a re-
stricted domain in the k̂; m̂-workspace:D

k̂; m̂

E
�

=
n�
k̂ (�) ; m̂ (�)

�
; � 2 B

o
: (17)

Optimising the goal function for one specific value of
! is graphically equivalent to constructing both lines
with a slope !2 tangent to

D
k̂; m̂

E
�

(one for the max-

imisation, one for the minimisation). The optimisa-
tion for ! = 0 ! 1 is equivalent to circumscrib-
ing

D
k̂; m̂

E
�

by straight lines tangent to this domain

with slopes ranging from 0 to 90�. Using this concept,
the optimisation is straightforward if an exact analyt-
ical description of the border of

D
k̂; m̂

E
�

is available.

Since this is generally not the case, an approxima-
tive procedure based on a polygonal circumscription
of
D
k̂; m̂

E
�

is introduced. The polygon consists of a

limited number 2� of lines tangent to
D
k̂; m̂

E
�

. Since

each borderline of the polygon is tangent to
D
k̂; m̂

E
�

,

the goal functions represented by these lines are op-
timal at their according frequencies !�; � = 1 : : :�.
Therefore, the borderlines are expressed as

k̂ � !�
2
m̂ = F �; � = 1 : : :� (18)

k̂ � !�
2
m̂ = F �; � = 1 : : :�: (19)



These lines represent the result of steps 1 and 2 in the
interpolation procedure. Now consider a frequency
!
� 2 [!� ; !�+1]. The results of the exact optimisa-

tion would be represented by lines with gradient ! �2

tangent to
D
k̂; m̂

E
�

. An approximation of the optimal

goal function is calculated constructing lines with this
gradient through the intersection point of the graph-
ical representation of the optimised goal functions
F (!�) and F (!�+1). Since

D
k̂; m̂

E
�

is completely

contained within the polygonal circumscription, this
approximation is on the safe side of the exact (un-
known) optimised goal function. This is illustrated in
figure 3. Note that in this figure F (!�) is unknown

but safely overestimated by F (!�).
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Figure 3: Safe approximations using the circumscrib-
ing polygon

Repeating this procedure for all intermediate fre-
quencies results in an approximation of the optimised
goal function using the cornerpoints of the circum-
scribing polygon. This is mathematically equivalent
to the quadratic interpolation in step 3 of the inter-
polation procedure. Figure 4 clarifies the graphi-
cal interpretation of the interpolation procedure for
� = 4; !1 = 0 and !� =1.
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Figure 4: Approximate circumscribing polygon

This paper describes three approximated optimi-
sation strategies. Each of these strategies constructs
a polygon in the k̂; m̂-space which approximates the
exact domain by a limited number of straight lines
tangent to

D
k̂; m̂

E
�

.

2.2.1 Corner method

The corner method creates a rectangular circumscrip-
tion of

D
k̂; m̂

E
�

using the optimisation of F (0) and

F (1). From the definition of F (!) it is clear that
this is the independent optimisation of the normalised
modal parameters:

F (0) = min
�2B

k̂ (20)

F (0) = max
�2B

k̂ (21)

F (1) $ max
�2B

m̂ (22)

F (1) $ min
�2B

m̂: (23)

Figure 5 displays the resulting rectangular region.
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Figure 5: Graphical interpretation of the corner
method

2.2.2 Corner-Eigenvalue method

The corner eigenvalue method adds the results of the
eigenvalue optimisation to the rectangular area of the
corner method:

� = max
�2B

 
k̂

m̂

!
(24)

� = min
�2B

 
k̂

m̂

!
: (25)

From (24) and (25) it is clear that the lines expressed
as

k̂ = �m̂ (26)

k̂ = �m̂ (27)



add new delimiters to the rectangular circumscription
of
D
k̂; m̂

E
�

. This is indicated in Figure 6.
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Figure 6: Graphical interpretation of the corner eigen-
value method

2.2.3 Optimised Vertex method

The vertex method applied to the single mode
FRF optimisation is basically an approximation ofD
k̂; m̂

E
�

combining the results of all possible com-

binations of boundary values on the input uncertain-
ties. This method does not ensure a circumscription
of
D
k̂; m̂

E
�

since the analysed input boundary combi-

nations do not necessarily include the global extrem-
ities of the goal function. Therefore, an extra optimi-
sation step is added. The goal function is optimised
using the gradient of each line from the approximative
area resulting from the vertex method. This method
is safe, but requires an unknown number of optimisa-
tions.

3. Numerical Example

The numerical example consists of a series of four
masses connected with four springs, as indicated in
Figure 7. The structure is undamped. The spring

Figure 7: Model for numerical analysis

stiffnesses and masses are uncertain and mutually un-
correlated. Table 1 summarizes the intervals at the
analysed �-level.

The polygonal circumscription of
D
k̂; m̂

E
�

is cal-

culated for the FRF between mass 3 and 4. Figure 8

stiffness (N=m) mass (kg)
lower upper lower upper
bound bound bound bound

k1 1000 1010 m1 5 6
k2 1600 1620 m2 12 14
k3 3050 3100 m3 9 10
k4 2310 2340 m4 16 18

Table 1: Elemental properties of the reference model

compares this polygon for the three proposed meth-
ods for the first mode of this model. They are plot-
ted upon the k̂1; m̂1-pairs resulting from the vertex
method. This figure indicates that for this mode, the
rectangular area of the corner method is a good ap-
proximation of

D
k̂1; m̂1

E
�

since the k̂1; m̂1-pairs re-

sulting from the vertex method describe a quasi rect-
angular area. Adding the eigenvalue delimiters or
applying the optimised vertex method does not sub-
stantially decrease the size of the overestimation ofD
k̂1; m̂1

E
�

.

Figure 9 compares the circumscribing polygons
for the three proposed methods for the fourth mode
of this model. They are plotted upon the k̂4; m̂4-pairs
resulting from the vertex method. This figure indi-
cates that the

D
k̂4; m̂4

E
�

circumscription of the corner

method substantially overestimates the exact domain.
Adding the results of the eigenvalue optimisation re-
sults in a much closer circumscription. The optimised
vertex method results in the closest circumscription.

Figure 10 compares the resulting total FRF’s for
the three approximate optimisation methods. It is
clear that the resulting envelope FRF of the corner
method is only useful up to the first eigenfrequency.
This is due to the fact that the corner method produced
a good approximation of

D
k̂1; m̂1

E
�

, but failed to

give a close approximation of
D
k̂; m̂

E
�

for the higher

modes. The large overestimation for these modes is
translated into an envelope FRF ranging from zero
to infinity for the main part of the frequency region.
Adding the eigenvalue optimisation results makes the
resulting envelope FRF much more useful compared
to the corner method. The results of the optimised
vertex method differ only slightly from those of the
corner eigenvalue method.



4. Conclusions

This paper describes a methodology for efficiently
calculating guaranteed bounds on an envelope FRF
of a fuzzily defined structure. The method is based on
a graphical interpretation of the goal function for the
single mode envelope FRF calculation. The approxi-
mations of the optimisations are safe since the search
domain is overestimated. The most straightforward
method describes the search domain by a rectangle.
The other described methods aim at a decrease of the
amount of the overestimation.

The numerical example indicates that the corner
eigenvalue method is the most efficient, since it re-
quires a fixed number of six optimisation steps for
each mode, while the resulting total envelope FRF
does not differ much from the far more intensive op-
timised vertex method.
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