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Abstract

The Finite Element Method is a commonly used prediction wefor dynamic simulations of plate bending
problems. A major disadvantage of this method is its pratfrequency limitation in that the computational
loads become prohibitively large at higher frequenciesely developed Wave Based prediction technique
aims to relax this frequency limitation through an enhanoethputational efficiency. This paper discusses
the application of the Wave Based Method for the particutsecwhere stress singularities appear in one
or more corners of a polygonal plate domain. In this case dmgantional set of field variable expansion
functions is extended with some special-purpose functigmsh incorporate the corner point singularities.
The beneficial convergence rate of the Wave Based Methodnagared with the Finite Element Method is
verified for various validation examples.

1 Introduction

In recent years, the vibrational and acoustic behavioumpobduct became a criterion of growing importance
in the product design process. This behaviour is often oetexd predominantly by the steady-state dynamic
deformations of the mechanical structure. In view of suppgdesign decisions through virtual prototyping,
itis important to have efficient numerical prediction teicjues that are capable of making accurate structural
predictions.

Deterministic element based techniques, such as the Elbteent Method (FEM) [1], are most commonly
used for dynamic simulations of mechanical structures. s&hmethods are based on the discretisation of
the structure into small elemental domains. They expressiynamic field variables within each element
in terms of local, predefined shape functions, that onlysBathe Dirichlet boundary conditions and that
do not fulfil the governing differential equations. The smln is determined by restoring the constitutive
relations and Neumann boundary conditions in an integradeseAs a result, the number of elements and the
subsequent size of the models increase with increasingdreigs, such that the use of these deterministic
methods is practically limited to low-frequency applicais.

Statistical prediction techniques form a second class aiarical methods. The SEA method [2] is the
prominent technique of this class. This method divides theture into a number of subsystems, for which
only space- and frequency-averaged energy levels arecpeddi The SEA method is only applicable if
each subsystem meets some conditions such as a high modabowehich limits the use of the statistical

methods to high-frequency applications. Between the ufspguency limit of the deterministic techniques
and the lower limit of the statistical techniques, lies thecalled mid-frequency range, for which no mature
and efficient prediction techniques are available.

This paper proposes a Wave Based Method (WBM) that is baséitedndirect Trefftz method [3] for the
dynamic analysis of plate bending problems. Instead ofidtigi the problem domain into a large number of
elemental domains, the WBM divides the domain into largeyver subdomains. Within each subdomain
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the field variables are expressed in terms of global wavetifum@xpansions, which exactly satisfy the
governing dynamic equations. This implies that there iy @m approximation involved in the boundary
and interface conditions. Consequently the system mateoe substantially smaller as compared with the
FEM. The smaller system matrices result in an enhanced catiqral efficiency, which allow the WBM to
become also applicable in the mid-frequency region.

In many plate bending problems stress singularities anighé problem solution. For a polygonal plate
domain, the bending stresses often become singular in therso In general, it is difficult to achieve
accurate prediction results whenever singularities azsgmt. Also for FE calculations it is difficult to reach
reliable results when the bending stresses become sindugsto a large pollution error invading the whole
domain [4][5]. Previous validations showed that the WBMerd also from convergence problems when the
stresses become singular in a corner [6][7]. A possibletispiuo deal with these convergence problems is
to extend the set of basis functions with some additionattfons. The latter functions, which will be called
‘carner functions’, provide an accurate representatiothefsingular behaviour of the problem solution near
the corner point. For the hybrid Trefftz FEM, Jirousek afteapplied this approach to deal with corner
singularities for static plate bending problems [8]. Fonamic problems, Leissa presented a procedure for
determining the free vibration frequencies of sectoriakgs [9]. The procedure is based on a Ritz method
where the conventional set of basis functions is extend#dtive corner functions from the associated static
problem. In this paper, the corner functions are used tdwesioe convergence problems of the Trefftz-based
WBM.

2 Problem definition

The basic principle of the WBM is discussed briefly for a gaheroplanar plate problem. In case that the
problem domain is non-convex, it must be divided in convébdsumains for convergence purposes, as shown
in figure 1. Both subdomains are excited by harmonic normaitgorcesf’; andF;. According to the thin
plate theory [10], the steady-state out-of-plane disptea®sw,; (i = 1,2) are governed by the following
differential equation:

F‘
V4w (21, yi) — kiwai(2i,yi) = ﬁ5($Fi,yF¢), 1)
K3
whereV* = % + 2% + %. The plate bending wavenumbky; and the plate bending stiffnegs;
are defined as Y '
pihiw? Eih}
kp; = 1, and D, = —~* _ 2
bi Dz ) 12(1 — VZQ) ) ( )

with h; the plate thicknesskE; the elasticity modulusy; the Poisson coefficient ang the plate material
density related with subdomain).

Figure 1: A general non-convex plate problem.
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The foIIowing expressions represent the most commonly @meoed boundary conditions at the plate
boundaried’\" (= P% U PEZL)Q UTS), UT),

e kinematic boundary conditions: displacement and rotadi@nprescribed
Rwi(ri) = wzi(“) wzz( z) =0

Ror) = L5 (1)) = Bur) =0 1, €T, )
e mechanical boundary conditions: bending moment and gksedtashear force are prescribed
Rini(r3) = L4 [w=i(ra)] = iini(rs) = 0
Roi(r:) = £0[wa(ri)] — Quilrs) =0 r; €T, “
e mixed boundary conditions: displacement and bending moarerprescribed
Ryi(ri) = wz (1) — wy(r;) =0 o 5)

Runi(ri) = L9 [wzi(r:)] — mni(ri) =0 1y € T,
with @.;, 0,,;, mn; andQ,,; the prescribed values for, respectively, the displacentieeatrotational displace-
ment, the bending moment and the generalised shear force.

Along the interfacd’. between the two subdomains the force equilibrium and digphent compatibility
lead to the following four conditions:

Rune(r1) = £ [wz1 (r1)] — £ [w22(r2)]
Rqe(ry) = [wzl<r1>]+£<”[ 2(r2)]
ch(r2)—wz2(r2) w,1(r1) =0 @)
Roe(ra) = LP fwaa(ra)] + LV [waa(ra)] =0 ry €T

The differential operators for, respectively, the rotatibdisplacement, bending moment and generalised
shear force are defined as follows,

£y =-2£,
i) = -p, (d— + u§—) : ®
E(Q) _Dld?’b (% + (2 — l/ﬂ%) 5

wheren; ands; are, respectively, the in-plane normal and in-plane tatigjatirections of the plate boundary.

0
0 (6)

ri el

3 Stress singularities

As mentioned in the introduction, stress singularities mamyplicate the prediction by standard numerical
methods. The bending stresses often become singular iridimity of an angular corner. This singularity
arises when the internal angle formed by the two edges ofdheec exceeds a critical value. The critical
value depends on the boundary conditions applied alongmbedjacent edges. This section discusses the
singular behaviour in the vicinity of a corner. The aim oftktudy is twofold. It allows to identify possible
corner singularities and to define some additional basistioms for the WBM to accurately represent the
singular behaviour. The stresses within a small vicinityhaf corner are hardly affected by the boundary
conditions away from the corner point. Therefore it is reedie to study the behaviour near a corner by
means of an infinite wedge domain, see figure 2. Provided lieainternal angle and the radial boundary
conditions correspond to those of the corner in the origimablem, the singular behaviour near the corner
will be identical in both problems. For the infinite wedge lgeam, an analytical solution for the out-of-
plane displacement, is defined. This solution needs to satisfy (i) the dynamicagiqu, (ii) two regularity
conditions in the corner point and (iii) the radial boundannditions. Starting from the exact analytical
solution, the bending moments and their singular behavdaarbe evaluated.
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o0

Figure 2: Infinite wedge domain.

3.1 Analytical solution

Assuming a separable functian, and utilizing the polar coordinates as indicated in figureyi2ld the
following homogeneous solution,

w, =Y cos(Ax8) Ry, (kpr) + sin(A10) Ry: (kyr), )
k
with
R(kyr) = AxJa(kpr) + BaYa(kpr) + CaIn(kor) + DaK(kpr), A=A VAL (10)
and with Ay, ---, Dy 4 constants of integration and with,, Y, I, and K the ordinary and modified

Bessel functions of the first and second kind. The eigenfomstassociated with; describe the symmetric
bending with respect to the axiis= 0; the ones associated wiftj, are anti-symmetric with respect to this
axis. The eigenvalues; and \;, are solutions of the characteristic determinant arisiognfapplying the
radial boundary conditions.

The four integration constants of each eigenfunction aterdened by imposing independent equations for
r = oo andr = 0. The conditions at infinity do not influence the singular hetar and are not considered
therefore. At the corner two regularity conditions are irsgbh,

w;(0,0) = finite, (11)
dw, -
6—117]’(0’ 0) = finite. (12)
The regularity conditions lead to the following relatiorstlween the integration constants:
By —%D) =0,
A < 1 gOS —1)m T 13
{ Ax+ Sin((i\—i))ﬂ Byx+Cy+ = Pr = 0 (13)
B, =0,
Al {D/\:O, (14)

Thus, imposing the two regularity conditions at the cormsutts in the following eigenfunctions:

2
A< Ry = Ay (JA(]C[,T) — CYA(IC()’I“) — ;CKA(IC(;T))

2
+Cy (I)\(kb’l“) — CY)\(ka) — ;CK)&]%T)) (15)
A>1 Ry = AxD(kyr)+ COaIn(kpr), (16)
with C' = % and withA = X\, v A; depending on whethex is associated with a symmetric or

anti-symmetric eigenfunction.
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3.2 Bending moment singularities

Now that an exact analytical solution (9) for the displacetrfeeld w, is defined, it is possible to evaluate
the bending moments in the vicinity of the corner point. Thiewmnferential bending momenmnt, is given

by,
2 2
ma:_D<18wz+ 18wz+ Ow,z)' (17)

ror 12002 o

Substituting the eigenfunctioR), in this equation for\ > 1 and using the known Bessel functions rela-
tions [11] results in,

Vk% kp ng A2
mg = (A)\ {TJ)\_Q(IIC[)T) + ZJA_l(ka) — (T + T_2 Jx(kbr)

kb I/k2
—ZJ,\H(k:br) + T’)Jm(kbr)}
vkZ k vk? N2
+C\ {be,\g(k‘br> + #I,\,l(kb’f‘) + (Tb — T‘_2> I,\(kbr)
k vk2
+§IA+1(7%7“) + bewrz(kb?“)}) : (18)

Using the power series of the Bessel functions [11], theuanferential bending moment in the vicinity of
the corner point can be expressed as follows,

v 1 A2
o = li — A2 A> 1. 19
molr=o = limy (F()\—l) Ty F()\—H))T ’ ~ (19)

Eqg. (19) shows that the circumferential bending momentaate with the eigenfunctio?, becomes
singular in the corner point whexi < 2. The order of the singularity is — 2.

The same is done for eigenvaluesc 1. Substituting the eigenfunction (15) in the expressiorttierbending
moment (17) and using the Bessel function relations and peeses expansions leads to the following
expression for the bending moment,

2 1 1 1
o=l - A< 1 20

molr=0 ro0 (sin Ar (1 — \) jrpe F(—)\)) "o < (20)
In this case the bending moments are singular for the ergtirger of), that isO < A < 1 and the order of
the singularity is—\. In conclusion, it is shown that an eigenfunction will giveerto a singular bending
moment when its associated eigenvaluise smaller than two.

The order of the singularities in the radial bending momeict &visting moment are identical to that of the
circumferential bending moment.

3.3 Simply supported infinite wedge

The eigenvalues are determined by the radial boundary conditions. Howewir,only possible to define
an exact solution satisfying the radial boundary condgiriooth radial edges are simply supported. In this
case, the following boundary conditions are applied,

ws(r, i%) — 0, 21)
my (T, :I:g) =0. (22)

2
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The eigenvalues result from applying the boundary conddtim the homogeneous solution (9) and solving
the resulting characteristic determinant,

e = (k—-1DT k=1,2,---, (23)
(6%
2
AL = % k=12, (24)

In the previous section it was demonstrated that the bendimgents become singular if one of the eigen-
values becomes smaller than two. For the simply supporfadtezwedge, this implies that singular bend-
ing moments occur whenever the internal angle exceegds In this case, the first symmetric eigenvalue
A1 = w/a becomes smaller than two, thereby invoking a singularitthe bending moments. The anti-
symmetric eigenfunctions only introduce singularitiesewlthe internal angle exceefisThe eigenfunctions
and eigenvalues as defined here, form an exact analytiagigokince they satisfy the dynamic equations,
the regularity conditions and the radial boundary condgiocConsequently, they represent the exact singular
behaviour around the corner and can be included as cornetidas in the WBM.

It is interesting to compare the previously defined dynarolatioon with the solution of the corresponding
static problem. For static plate problems, the analytiohlt®ons were originally defined by Williams [12],
w, = Z A TELAL cos(\g + 1)0 + By, cos(As — 1)0}
+rs LAy sin(AE 4 1)0 + By sin(A\; — 1)0}, (25)

with A, and B, arbitrary constants of integration and and\? the static eigenvalues. The eigenvalues are
derived such that the radial boundary conditions albrg+ 5 are satisfied. Eigenvalues with a negative real
part are excluded since they introduce a singularity in tbpesaa%, which is in violation with the second
regularity condition (12). For simply supported edges th®ults in,

25 — 1
A, = uil s=1,2,---, (26)
(6%
P
o= 24 §=0,1,2,---. (27)
(6%

An eigenvalue)\; = 0 leads to the trivial solution except when the internal angégjualsr. For A; = 1 the
system has a trivial solution except wherequalsr /2, = or 37/2. For an internal angle: > , there exists
an additional eigenvalue

No=-T41. (28)
(6%

Since the bending moments imply a second order derivatitrerespect ta, the moments around the corner
point behave as*s—! for a static problem. For the comparison between the bendimgents of the static
and dynamic problem, the cases< m anda > « are considered separately:

e If the interior anglea is smaller thanr, the dynamic eigenvalues are all greater than one, so that
the dynamic eigenfunctions are defined as in Eq. (16). Thamjo bending moments behave as
r*~2 in the direct vicinity of the corner, see Eq. (19). The stagénding moments behave &s 1.
Table 1 gives the smallest eigenvalues that invoke sindadading moments for both the static and
dynamic problem. It can be seen that the dynamic eigenvaliiesrrespond with\; + 1, both for the
symmetric and anti-symmetric eigenfunctions. Thus, thécstnd dynamic bending moments have
the same asymptotic behaviour in the vicinity of the corranp

¢ If the interior anglex is larger thanr, there is an additional static eigenvalue (28). The astatia
bending moments vary as+~L. The first dynamic, symmetric eigenvalug¢« becomes smaller than
one. Hence the associated eigenfunction takes the form.ofl&y} As shown in (20), the dynamic
bending moments behave as*:. The static and dynamic bending moments associated with thi
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symmetric anti-symmetric

static 1 |

1 s
dynamic -

Table 1: Comparison of dynamic and static eigenvaluesfar .

eigenvalue are equivalentif, = 1 — A, which is indeed the case. The smallest static eigenvalues o
Eq. (26) and Eq. (27) are compared with the remaining dynaigienvalues of Eq. (23) and Eq. (24)
in table 2. The anti-symmetric eigenvalues remain idehtwahose fora. < w. For the symmetric
functions, the smallest static eigenvalue changes sirecéiréit value becomes negative and therefore
needs to be excluded. Comparing the bending moments foe fhestions shows that they are still
asymptotically identical in the vicinity of the corner.

symmetric anti-symmetric

static 3T 2r 1

« «

dynamic 3n 2n
03

Table 2: Comparison of dynamic and static eigenvaluesfor .

In summary, the asymptotic behaviour of the bending momientse vicinity of the corner is identical for
the static and dynamic solutions.

3.4 Other radial boundary conditions

When the two radial edges are not both simply supportednit isnger possible to define an exact analytical
solution. This is a consequence of the fact that the solugioot separable in variables. Leissa demonstrated
in [13] that the nodal patterns of sectorial plates do nossisirof nodal radii or circles for other boundary
conditions than simply supported. For static problems,hendther hand, the analytical solutions for each
possible combination of radial boundary conditions arengefiby Williams [12]. Leissa incorporates the
static eigenfunctions in a Ritz method to determine the fribeation frequencies of sectorial plates [9].
However, since the WBM is an indirect Trefftz method and theguires basis functions that a priori sat-
isfy the dynamic equations, it is impossible to incorpottiie Williams functions as basis functions. Only
functions consistent with Eqg. (9) satisfy the homogenedysamic plate equation and can be included as
basis functions in the WBM. The characteristic eigenvalhelsat should follow from the radial boundary
conditions, will now be chosen such that the singular behavéround the corner is asymptotically the same
as that of the corresponding static solution. As derivetiéngrevious section for the simply supported case,
it is assumed that the static and dynamic solutions for atbetbinations of radial boundary conditions have
also the same asymptotic behaviour around the corner gpint i

A=A+ 1. (29)

The eigenfunctions are defined as in Eq. (16). For the additistatic eigenvalues as in Eq. (28), the bending
moments are asymptotically identical if,
A=1-)\. (30)

These dynamic eigenvalues will be smaller than one; theespanding eigenfunctions are thus defined
according to Eq. (15). The resulting eigenfunctions satisé dynamic equation inherently. Although the
radial boundary conditions will not be satisfied, the siagities near the corner will be taken into account
in an asymptotically correct way.
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4 Basic concepts of the Wave Based Method

This section describes the basic principles of the WBM far@oconvex plate domain, as defined in section 2.
In contrast with the FEM, the WBM is an indirect Trefftz methorhe WBM divides the plate domain into
a small number of subdomains. As long as the subdomains awexothe convergence of the method is
ensured. Within each subdomain, the field variables areitbesiowith an expansion of basis functions which
satisfy the governing dynamic equations exactly. In thig,vlaere is only an approximation error induced
in the boundary and interface conditions. Minimising thigximation error in an integral sense leads to
the solution of the system.

4.1 Field variable expansion

The steady-state displacemeny; in subdomain(i) is approximated as a solution expansion of two sets,

Cq

The first setw!, comprises the conventional wave functions that are solstiof the dynamic equations.
This set forms a complete set, thereby ensuring convergertbe exact result. However, when the bending
stresses become singular in a corner, a prohibitively highber of wave functions is needed. Enriching the
expansion with some additional functions that accuratefyesent the singular behaviour around that corner
can accelerate the convergence. Therefore, the set of waetidns is extended with a second &t

that contains corner functions for each corner péint of the considered subdomaii) where the stresses
become singular. Each of these functions is defined in thiegy coordinate system.

4.1.1 Wave functions

The first set of the solution expansion consists of the wametfons and is defined as follows,
Nbi
WL(rs) = whV(r;) + wpi(r;) = [yl {wi } + wri(rs), (32)
b=1
in which each wave functio®,; satisfies the homogeneous part of the dynamic equation (1. wiave
functions that satisfy the homogeneous differential équatre divided into two different sets as indicated
in table 3. The selection of the wavenumbéﬁ% and k:l(f; is based on the dimensioné,; x L,;) of the

preferably smallest rectangular box circumscribing suhaia (i), see figure 1. The first Wavenumbeﬁ;,

or k:,g?l is chosen such that an integer number of half wavelengthalgedhe length of the rectangular box
in the corresponding direction. The other component of tagemnumber is calculated from the structural
wavenumbelk;; at the considered frequency. For the first set of wave funstithe functions associated

with the first wavenumber are cosine functions. For the sgaen, the functions associated with the first
wavenumber are sine functions. It has been proven by Desnj&#l] that the first set of wave functions

is capable of representing any displacement field provithed the domain is convex, and thus that the
convergence of the WBM is theoretically guaranteed. In ads& non-convex plate domain, it must be

divided into convex subdomains to ensure convergence.

The number of bending wave functiong; that is included in expansion (32) is related to the exdtati
frequency and the dimensions of the enclosing rectangotar b

Np; = 4(’0()”‘ =+ 1) =+ 4(n(m~ + 1) + 4nb3i + 4nb4i, (33)

with,
Bbui o ot st Mhai T, 2% (34)
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with ny, i, ns,i, ne,i @ndny,; integer truncation values and withh a user defined parameter. In this way the
largest wavenumber of the bending wave functions includetie model is at leadt; times the structural
wavenumber at the considered frequency.

set | wave functions wavenumbers
2
(i) - (0) G _ br .00 - kgf(?;)
W, i(@i, yi) = Cos(kb1,$$i> exp(_ka17yyZ‘> Ky w=Torr Ky =

1 b1=0,1,"+,np4
2
L (0) (i) () byr .0 - kgi_(?;)
\Ijb2i($i7 yl) = exp(_jkain) Cos(kbz,yyi) ka,ZJ = Ly;? kbg,x -

ba=0,1, 1,

Upi(wi, y;) = sin(kéi)

D i) exp(—jky) ui) | ki, = BT kD

2 bz=1,";npg;

Wyis, i) = exp(—jky) ) sin(k) y;) | KD, =, gD

ba,xt ba,y = Ly’ 4T

ba=1,np,q

Table 3: Sets of wave functions.

Functionwg; is a particular solution function to take into account theamogeneous part of the dynamic
eqguation that arises from the external excitation appliethe plate. From all possible mathematical expres-
sions, the displacement of an infinite plate excited by a mbpuint force is selected,

.  F; ,

Wri(r;) —Ség D [Hé2)(kbim) - H(g2)(_]kbi7ﬂFi)} (35)
i i
with rp; = \/(SU@' —zpi)® + (Yi — yri)?, (36)

and whereHéz) is the zero-order Hankel function of the second kind.

4.1.2 Corner functions

In the case of stress singularities, the set of wave fungtimextended with a second set of corner functions.
For each cornefc) of the plate in which singular stresses occur, a number ofezdunctionsY;,. associated
with that corner are added,

0% =3 w1 (e, 6.) (37)
b=1

with n. the number of included corner functions for that corner éndhe subdomain to which the corner
belongs. Each corner function is defined in a coordinateesystith the corner as origin artdrelated to the
bisecting line, see figure 3. In contrast with the wave fuomgj which are defined within one subdomain,
the corner functions are related to a corner and are not s&tlgsrestricted to one subdomain. In case that
the corner point lies on a interface, and thus belongs toraksabdomains, the functions associated with
that corner extent over the different subdomains adjaeetitat corner. For example, cornerin figure 3
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Figure 3: Definition of corner functions.

belongs to both subdomain,; and(2,,. Thus the corner functions associated with this cornemekter
the two subdomains. For corner on the other hand, the corner functions are only defined idaulain
Q1. The eigenvalues,,. or \;. of a corner function depend on the type of singularity and tbo the
boundary conditions along the adjacent edges and thedntmglea, of the corresponding corner. When

the eigenvalue is larger than one, the corner functions efieet! as follows,

cos Mpelcdr,, (kpire),

A cos Apelc Iy, (kpire),
T(()? (Tcaec) = Sin Af 0 JAbC(knbf‘ )
beVc /\ZC( bzrc)a

sin /\ZCQCI/\EC (kbl-rc) .

When the characteristic value is smaller than one, the cdunetions are defined as,

cos Apelc | In,, (kpire) — Cpe Y, (KbiTe) — %CchAbc(kbiTc)> 7
T() (7« 9 ) - COS )\bc I)\bc (kjszc) CchAbC (kjbiTc) — %Cch)\bc (kbirc) ,
be \"cHYe sin )‘bc ( (k‘bﬂ“c) Cch,\ (kbirc) — %CJCK)\ZC (kbﬂ“c) R

sin Ap.fe ( (kvire) = Cp Yo (Kwire) — %CJCKAZC(%@'TC)) ,

with,
sin(Af, — 1)m

cos(A\j, —1)m + 1

sin(Ape — )7

C =
be cos(Ape — 1) 4+ 1

and Cj, =

(38)

(39)

(40)

When both edges are simply supported, the exact analytidaiian is available and the eigenvalues are
defined as in Eq. (23) and Eq. (24). For other combinationahtary conditions, the eigenvalues are de-
termined from those of the corresponding static problerexpkined in section 3.4. Since the only objective
of the corner functions is to accurately represent the $amigies in the solution, only the eigenfunctions that

give rise to singularities need to be included in the model.

4.2 Evaluation of boundary and interface conditions

The field variable expansion (31) satisfies the governingaohio equations (1) exactly, irrespective of the
unknown wave function contribution factors!, andw§.. These contribution factors are determined by
minimising the approximation errors of the boundary andrifiaice conditions through a weighted residual
formulation. The approximation errors on boundary andfate conditions of the two subdomains depicted

in figurel, are orthogonalised with respect to weightingcfiomsw,; andw,s respectively,

1) (1)~
/F( Urgulzn EQ [wzl]RwldF+/(1) »C ’U)zl]ReldF /wmup(l) ‘CG [wzl]ledF

~ /F o, @ Roudl’ - /F 240 it Rl — [ 021 Rl = 0,
mQ c ¢

(41)
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@~ 2)7,~ )~
/F(QQUFff?n L5 W2 Rip2dl + /F(Qg L2 [i0,9] Rgodl’ — /Fq(fﬁnuF(Q)Q LY [i0,9] Ry dl
a /F(Q) wZQRQQdF +/F Eg) ["I)z2]chdr +/F ﬁg) [U~J32]Rgcdr =0. (42)
mQ c c

As mentioned before, the corner functions are not necégsastricted to one subdomain. In case that
a function is defined in two subdomains, it will not give rigean approximation error over the interface
between the two subdomains since the continuity is a priseirgnteed. The corner function will therefore
be excluded from the residuals over that interface. The htigig functions are chosen in a similar way as

in the Galerkin weighting procedure. In this way a squaréesyof equations in the unknown contribution
factorswf; andw§, is obtained.

4.3 Model properties

Both the FEM and the WBM are deterministic prediction tegaes, however they are based on a completely
different concept. The FEM is based on the Rayleigh-Ritagiple, whereas the WBM is a Trefftz approach.
Compared with the FEM, the WBM has the following advantages:

- Compared to the FE models, the WB models are substantiaibller. Thanks to the smaller sys-

tem matrices and the subsequent smaller computationg| tea®VBM becomes applicable at higher
frequencies.

- The spatial derivatives of the wave functions are also wWawetions, such that the derived variables
have the same spatial resolution as the primary variabletheoFEM, the derived variables are less
accurate since the basisfunctions are usually polynomiaitions.

- To refine the WB models, an additional number of wave fumstics included. This results in the
addition of a number of matrix elements while the origin@neénts remain unaltered. For the FEM a
global model refinement requires a new model calculation.

The disadvantages of the WBM include the following:

- The WB system matrices are fully populated and contain dexnalued elements. In addition, the
WB models suffer from a poor numerical condition. The ilkditioning does not prevent the practical
convergence of the WBM but it requires that all computatiaresperformed with a high accuracy.

- It is not possible to decompose the WB models into frequendgpendent matrices, such that the
system matrix needs to be calculated at each frequencyeséstt

- A major advantage of the FEM is that it is widely applicabldere are hardly any restrictions on the
geometric complexity of the problem. The application of W&M, on the other hand, is restricted

to problems of only moderate geometric complexity to beriadin its enhanced computational effi-
ciency.

5 Validation examples

In this section the computational advantages of the WBM areahstrated for two validation examples. For
convex problems, including only the wave functions of thetfiet that guarantee theoretical convergence,
see section 4.1.1, is optimal for the convergence rate [7is $hown here that this is not valid for non-
convex problems. Furthermore, the performance of the WBbtbipared with the FEM. This comparison
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is made both on accuracy as on computation time. All FE piiedis are calculated using MSC/Nastran2004,
whereas the WBM is implemented in C++. The FE predictionkithe both a linear 4-noded and a quadratic
8-noded quadrilateral shell discretisation. All FE préidins use a direct solution method. For the computa-
tion time of the FEM only the direct solving time is includesiiaice the FE models can be decomposed into
frequency independent matrices. For the WBM, on the othed hthe computation time includes both the
time needed for constructing the model as well as the timeawéor solving the model. All calculations
were performed on a 3GHz Intel Pentium 4 processor runninigaxLoperation system.

5.1 U-shaped plate

A first example consists of a U-shaped plate. Since the pmoll@main is hon-convex, it must be divided
into convex subdomains. The domain decomposition is itelitan figure 4. All the plate boundaries are
simply supported. The plate is made of aluminium & 70 - 10°N/m?, v = 0.3, p = 2790kg/m?)
and has a thickness of 0.002m. A unit normal point force idieggo the first subdomain at position
(xp,yr) = (0.15m,0.15m). The three response points are locatedg0.5m, 0.1m), w2(0.6m, 0.35m)
andws(0.2m, 0.65m).

5—‘ g
6 w, %
8 70 °
&
= v Fe W1©
I X 2
‘ 0.8m ‘

Figure 4: U-shaped plate.

corner| angle eigenfunction eigenvalue

C 270° Tl,c = COS()\LC@) J,\l’c(kb’l“) — Cl,CY/\Lc (ka) — %ClucK)\l,c (km“))
Toe = cos(Ae0) (I, . (kor) = CreYa, (kor) = 2C1 0K, (o) )
T3’C = Sin(/\ic(g)Jx{ C(kb’l“) T,c = 1.33333
T4,c = Sin(AT,CG)I)\’{ C(ka)

Al = 0.66667

Table 4: Eigenfunctions and eigenvalues for the U-shapate ((t=6,7).

In case that the radial edges are simply supported, theseg@sthe corner points are evaluated by using the
exact analytical solutions of an infinite wedge. As stateddcation 3.3, singularities can be expected if the
interior angle exceeds/2. For the U-shape, this implies that there will be singulkesiin the corners 6 and

7 and that convergence problems can be expected for thert@mna WBM implementation without corner
functions. This is confirmed by figure 5. This figure shows tispldcement in response point predicted
with the WBM with and without corner functions. The resultse aompared with the results of a FE model
with 408,153 degrees of freedom. The structural wavelenagtquals 0.178m at 600Hz, where the largest
element size of the FE model is 0.0028m. The bottom figuresgive prediction of the WBM without corner
functions. The model includes wave functions of both setsus®s a truncation rulg;, = 1.5. As expected,
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300 400 500

Frequency (Hz)

100 200 600

Figure 5: Frequency response function for response peinfdashed: FE reference 408,153dofs / solid:
WBM CF setl1+2(top), WBM set1+2 (bottom)).

the WBM suffers from convergence problems, which prevemvergence to the correct result at several
frequencies. In a second WB model, the set of wave functisextended with some corner functions for
corners 6 and 7. The corner functions for each of these coemersummarised in table 4. The included wave
functions are identical to those of the first model. The préah of the WB model with corner functions is
shown in the top figure. The WBM suffers no longer from any esgence problems and achieves a good
accuracy compared with the reference result.

X X
102 10? \x 1) 10? h
X
X *X—%(
\
~ 10 xix ~ 10° Y@QG ~ 10° \%{)
~ X—X ~ \%\ ~ ¥
102 1072 M 102 Vv
v v
10-* v 4 -
1072 1071 10° 1072 107! 10° 1072 107! 10°
cputime (s) cputime (s) cputime (s)
(a) 100Hz (b) 265Hz (c) 391Hz

Figure 6: Convergence curves for the WBM & — setl /- o — CF setl /- V— CF setl+2).

frequency (Hz)| 4 wave functions set 1 f wave functions set 2 # corner functions

per subdomain

per subdomain

100
265
391

112
176
212

104
168
204

8
8
8

Table 5: WB reference models for the U-shaped plate.
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Figure 6 plots the convergence rate of the WBM. The figurespiio¢ relative prediction error on the dis-
placement as a function of the CPU time. The prediction esraveraged over the,, = 3 response points,

©=="3¢ (@3
TP i1
with, ;
) —ur (e )

[wi (x;)|

The results of three different WB models are included,

- only wave functions of the first sesét]),
- only wave functions of the first set and corner functio8§ Get),

- wave functions of both the first and second set and cornetitums CF setl+3.

As reference a WB model with wave functions of both sets amderdunctions is used. The WB reference
model sizes are indicated in table 5. The accuracy of theesdional WBM &et) is rather poor. The
models with corner functions on the other hand, achieve & gmzuracy. However, it is also seen that
including Bessel functions in the expansion substantiaityeases the computation time. Furthermore, it
seems that including the wave functions of the second seh lhemeficial effect on the convergence. This
result is in contrast with that of the convex plate, whereftimetions of the second set had no influence on
the convergence rate. As the WB(@F setl+2)achieves the highest convergence rate, it has been used for
subsequent predictions.

% &
10° 100176 1002j§< Q‘-O_Q
- - 0. X ~ - 0 \
I N T 1y Cels |z S e
1072 X 8- & 102 \ o 1072 Tl AN
\ 0O, o %
104 - 1074 , 1074 _
1071 10! 10° 107! 10 103 1071 10! 10%
cputime (s) cputime (s) cputime (s)
(a) 100Hz (b) 265Hz (c) 391Hz

Figure 7: Convergence curves x — WBM CF setl+2 + ¢ — FEM linear /- o — FEM quadratic).

frequency (Hz)| wavelength\;, (m) | # FE dofs | element size (m)
100 0.436 3,387,759 0.0017
265 0.268 3,387,759 0.0017
391 0.221 3,387,759 0.0017

Table 6: FE reference models for the U-shaped plate.

The convergence rate of the WB{@F setl+2)and FEM are compared in figure 7. These figures plot again
the averaged relative prediction error as a function of tRé&J@me. For the FEM, both the predictions of
a 4-noded linear and a 8-noded quadratic element disdietisare included and a quadratic FE model of
3,387,759 degrees of freedom is used as reference, seeétabte the WB predictions the WB reference
model is used, see table 5. The WBM has clearly an enhancegrgemce rate compared with the FEM,
even if quadratic elements are used.
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5.2 Hexagonal plate

A second validation example consists of a hexagonal platle avside length of).5m and with a central
square cut out. The structure has a thicknes& @f05 and is made of aluminiumi = 70 - 109 N/m?,

v = 0.3, p = 2790kg/m3). All plate boundaries are clamped. Again the problem danEinon-convex
so that the domain must be divided into subdomains. Figule®s the problem geometry and the subdo-
main division. The structure is excited by a unit normal péance applied atxr, yr) = (0.05m,0.3m)
and the result will be calculated in the following responsints, w; (—0.05m, 0.2m), w2(0.3m,0.02m),

w3 (0.06m, —0.3m) andwy(—0.3m, —0.06m).

0.5m

5 4
F Qsl
®
o, \ w o,
®
10 9
6 Wy Nl yLXV © 3
®° W,
7 8
W3
®
Q,

Figure 8: Hexagonal plate.

Also in this example singular bending moments are expectdiae corners. In absence of the exact analyt-
ical solutions for the dynamic problem, the eigenvalueshefdorresponding static problem are used. The
characteristic equations for a static clamped-clampediiafivedge are given by [12],

sin \sqa¢ = —Agsina, (45)

sin\ja = Alsina, (46)

for, respectively, the symmetric and anti-symmetric efgeations. An eigenvalug = 0 yields the trivial
solution. An eigenvalue. = 1 yields the trivial solution except when the internal anglequals257, 45°

or . In general, the eigenvalues will be complex. But since tidyreal part of the eigenvalues introduces
singularities, only the real part will be considered. Theioear equations (45) and (46) are solved in
Matlab using the Powell dogleg method described in [15]. dtm@racteristic equations indicate that singu-
larities can be expected if the internal angle exceedBor the hexagonal plate there are thus four corners
where singularities occue,= 7 — 10. The dynamic eigenfunctions are deduced from the stateneaues
calculated from Eqg. (45) and Eq. (46). Table 7 shows the edumetions which are added to a conventional
wave function expansion for each of the four corners. Theémite of the corner functions on the prediction
results is shown in figure 9. This figure plots the predictespldicement in response poin. The WB
results are compared with an FE model of 348,564 degreeseddm (element size 0.0056¢), at 175Hz
0.165m). Both WB models contain wave functions of the first aacond setl; = 1.5). The prediction
made by the WBM without corner functions (bottom figure) daes correspond well with the reference
solution. Extending the set of wave functions with cornerctions (top figure) improves the convergence of
the WBM significantly and results in an accurate prediction.

Figure 10 compares the performance of the WBM and FEM. Thedigives the relative prediction error
averaged over the,,, = 4 response points, as a function of the computation time. |&iras for the U-shaped
plate, the WBM with wave functions of both sets and cornecfiams gives the most accurate predictions.
That is why only these WB models are included in the convargemalysis. The WB results are compared
with a WB reference model, see table 8 for the model detaibs.tiie FEM, both models with a linear and
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corner | angle eigenfunction eigenvalue
Cc 270° | T1.= COS()\LC@) J,\l,c (k‘m“) — CLCY,\I,C (kbr) — %CLCK,\I p(k‘b’l") )\17C = (0.455516
Tg c = COS()\LCQ) I>\1,c (ka) - CLCY)\LC(]C(,’I”) - %Cl,CK)q C(ka)
T3 = sin(A; 0) (g (kor) — Cr Yar (kyr) — 207 Kos (kor)) | A, = 0.0914708
T4 c = Sin()\ic(% I)\’Lc(kbr) — CiCY/\T,c (k‘m“) — %CicK,\’{ (kb’l")
Tg, c = COS(/\Q c )J>\2 c(k‘b’l”) )\2,0 = 1.54448
05(A2,c0)
0) 5. = 1.90853
)

100
Frequency (Hz)

10—6 :

100
Frequency (Hz)

Figure 9: Frequency response function for response poejntdashed
WBM CF setl1+2 (top), WBM set1+2 (bottom)).

. FE reference 348,564dofs / solid:

frequency (Hz)| fWFsetl | tWFset2 | tWFsetl| fWFset2 | §CF
domain 1+3| domain 1+3| domain 2+4| domain 2+4
145 392 376 552 536 32
225 680 664 480 464 32
379 880 864 616 600 32

Table 8: WB reference models for the hexagonal plate.
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frequency (Hz)| wavelength\, (m) | # FE dofs | element size (m)
145 0.181 2,685,480 0.0046
225 0.145 2,685,480 0.0046
379 0.112 2,685,480 0.0046

Table 9: FE reference models for the hexagonal plate.

quadratic discretisation are included. The FE results angpared with a quadratic FE reference model of
2,685,480 degrees of freedom, see table 9. Figure 10 iedi¢hat also for this example the WBM has an
enhanced convergence rate over both the linear and quaBEzi.

10! 10! 101
o, "
Lo 0 M SRR
T10 Qgef?mo N I RN S N T
\ C-0---0 X, 5090 dex
X X
1073 ) 1073 ‘ 1073 ‘
107! 10t 103 1071 10! 10° 1071 10! 10°
cputime (s) cputime (s) cputime (s)
(a) 145Hz (b) 225Hz (c) 379Hz

Figure 10: Convergence curves k — WBM CF setl+2 - ¢ — FEM linear /- o — FEM quadratic).
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Figure 11: Frequency response function for response pair{dlashed: FE reference 348,564dofs / solid:
WBM CF setl1+2 (top), FEM 56,220dofs (bottom)).

Figure 11 plots the predicted displacement in responset pginin function of the frequency. The figure
shows the prediction made by the WB(@F setl+2)and the FEM. Both results are compared with a ref-
erence solution that was predicted with a linear FE model48,564 degrees of freedom (element size
0.0056m,\, at 400Hz 0.109m). The WB model is calculated with a truncagiarametefl; = 1.5, leading

to a model of 360 (set 1) plus 328 (set 2) wave functions at 208kt 496 (set 1) plus 464 (set 2) wave
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functions at 400Hz. The number of corner functions is caristee. 32. The WBM needs 1007 CPUseconds
to calculate the entire response function from 10Hz to 40@Hgure 11 only shows the part of the response
function between 200Hz and 400Hz, since below 200Hz bothH-teand WB result correspond perfectly
with the reference solution. As indicated by the top figuhe, ¥WWB prediction corresponds very well with
the reference solution over the entire frequency range.FEhmodel consists of 56,220 degrees of freedom
(element size 0.014m) and needed 1493 CPUseconds to talth#aentire response function. At low fre-
guencies, there is a good correspondence between the FEEfanehce solutions. But starting from 250Hz
the FE results already suffer from dispersion errors suahstbhme errors are induced in the prediction of the
resonance frequencies. This confirms the enhanced coneergate of the WBM, which enables the WBM
to make accurate predictions up till higher frequencies tha FEM.

6 Conclusions and future research

The WBM is a novel numerical prediction technique with thégmtial to relax the frequency limitation of
the element based prediction techniques, such as the FEMpa&per discusses the application of the WBM
to plate bending with special focus on the treatment of ste#sgularities. Previous validations showed
that the WBM suffers from convergence problems when singigda arise in the problem solution. For a
polygonal plate domain, singularities can be expected éenpllate corners if the interior angle exceeds a
critical value, which depends on the type of boundary cémmitalong the edges adjacent to the corner. This
paper proposes to extend the conventional set of wave émsctvith a number of corner functions that are
capable of representing exactly the stress singularifies.corner functions are defined as the homogeneous
solutions for an infinite wedge domain. However, it is onl\sgible to define the exact solution if the two
radial edges are both simply supported. For other combimatbf radial boundary conditions, a procedure
is presented to deduce the corner functions from Williartegtic eigenfunctions. In this way the asymptotic
behaviour around the corner is still identical to that of ¢ixact solution. This results in an enhanced WBM
that is capable of predicting accurate results, even whesdhlution becomes singular in one or more corners.

The potential of the enhanced WBM is demonstrated throughvialidations examples. In each example
the solution exhibits stress singularities, which caugedbnventional WBM to suffer from convergence
problems. It was verified for the validation examples thaeeding the expansion of wave functions with
a few corner functions for each corner where singularitissug indeed resolves the convergence problems
of the WBM. Furthermore, it was demonstrated that for nonve& problems the WBM that additionally
includes wave functions of the second set shows to have aggised convergence rate. The performance of
the WBM has also been compared with that of the FEM, where ddtiear and quadratic discretisation are
included. In all cases the WBM exhibits an increased cormrarg rate over the FEM. As a result, the WBM
is capable of making accurate predictions up till highegfiencies than the FEM for a same computational
load. This indicates the potential of the WBM as an efficieid-frequency technique.

The main drawback of the WBM is its inability to deal with geetmically complex structures. Since for
convergence purposes all subdomains have to be convex, plecogeometry requires a high number of
subdomains which will drastically decrease the convergeiate of the method. Therefore a hybrid ap-
proach [16][17] is being envisaged. In this approach, theMMRill be coupled together with the FEM to
combine the advantages of both methods. The WBM will be useabtdel the geometrically simple parts of
the structures in a very efficient way. The FEM, on the othedhavill be used to model the geometrically
more complex parts of the structure. This approach is ealbpeaippropriate for structures that exhibit a typ-
ical mid-frequency behaviour in the sense that some pavis &laeady a short wavelength behaviour, while
others still have a long wavelength behaviour. With the ldylWB-FE approach, the WBM will be used to
efficiently model the geometrically simple plate domaihsitypically are still flexible in the mid-frequency
range. The stiff components, on the other hand, will be meddly the FEM.
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