Non-probabilistic approaches for non-deterministic dynamic
FE analysis of imprecisely defined structures

D. Moens, D. Vandepitte

K.U.Leuven, Department of Mechanical Engineering,
Celestijnenlaan 300 B, B-3001, Heverlee, Belgium
e-mail: david.moens@mech.kuleuven.ac.be

Abstract

The objective of this paper is to give a survey on the use of non-probabilistic methods for non-deterministic
numerical analysis. It consists of a general theoretical discussion on the use of non-deterministic concepts in
numerical analysis, an overview of the basic properties of possible implementations of the non-probabilistic
finite element code, and finally a discussion on their possible applications in a typical product design process.
In the first part of the paper, a classification of different types of non-deterministic properties is presented.
Based on the nature of these different classes of model properties, itis discussed to what degree each of these
fits in the framework of either a probabilistic or a non-probabilistic concept.

In the second part of the paper, an overview of possible implementations of the non-probabilistic finite
element procedure is presented. It is shown how the deterministic finite element procedure is translated to a
non-probabilistic counterpart. The paper then focuses on the application of these non-probabilistic concepts
for design purposes. The use of the probabilistic and non-probabilistic approaches is projected into a typical
design process.

1 Introduction

The continuous exponential growth of computational capabilities of modern computers clearly has an im-
pact on the use of the numerical simulation techniques like the finite element (FE) method for engineering
purposes. On the one hand, this evolution enables the use of very detailed and hence large FE models.
Simultaneously, this evolution has paved the way for a number of computationally intensive analysis tech-
niques derived from the classical FE technique (non-linear analysis, multiphysics...). In this context, the
non-deterministic FE analysis has become a very important issue in the search for valuable utilisation of the
available computational resources. Over the past decade, the probabilistic FE analysis has gained a large
popularity in this area.

Recently, a number of non-probabilistic approaches for non-deterministic analysis are emerging. The In-
terval FE (IFE) analysis is based on the interval concept for the description of non-deterministic model
properties, and so far has been studied only on an academic level [1, 2, 3]. The Fuzzy FE (FFE) anal-
ysis is basically an extension of the IFE analysis, and has been studied in a humber of specific research
domains: static structural analysis [4, 5], dynamic analysis [6, 7, 8], geotechnical engineering [9, 10], multi-
body kinematics [11], steady-state analysis of rolling [12], analysis of smart structures [13] and analysis
of fiber-reinforced composite materials [14]. The numerical procedures developed for the non-probabilistic
approaches are all strongly influenced by the specific properties of the analysed physical phenomenon, and
only academic examples with very limited size and complexity are considered.

The non-probabilistic approaches broaden the possibilities, but simultaneously complicates the choice for
the analyst. Therefore, it is important to study to what extend they can be an alternative in the areas where
probabilistic analysis has become the standard. The growing interest for non-probabilistic methods for non-
deterministic numerical analysis mainly originates from criticism on the credibility of probabilistic analysis
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when it is based on limited information. Especially when extremely high reliabilities are analysed based on
numerical models, design engineers often remain very sceptic regarding the trustworthiness of the numerical
predictions. The recent development of the non-probabilistic approaches stems from the argumentation that
this lack of credibility is always present in probabilistic analysis results, but generally remains unaccounted
for. Itis argued that the non-probabilistic concepts could be more appropriate to model certain types of non-
deterministic information, resulting in a better representation of the simulated non-deterministic physical
behaviour. Also, it is believed that a full probabilistic description of a non-deterministic event is not always
required. Especially in early design stages, when objective probabilistic information often is not available,
non-probabilistic concepts are considered to be of great value. It is the aim of this paper to critically review
this argumentation, and to study to what extent the non-probabilistic methods can be considered as useful
alternatives to the existing probabilistic approach.

Section 2 contains a general theoretical discussion on the use of non-deterministic concepts in numerical
analysis. This discussion is founded on different possible interpretations of the information represented by
non-deterministic properties, summarised in a classification in section 2.1. Section 3 describes how the
non-probabilistic concepts can be translated to a functional FE methodology. Based on this mathematical
background, this section finally discusses how non-probabilistic analysis can be of use in a design process.

2 General aspects of non-determinism in numerical analysis

2.1 Sources of numerical non-determinism in general FE modelling
2.1.1 Definitions

In literature, the use of the terminologyror, uncertaintyand variability is not unambiguous. Different
researchers apply the same terminology but the meaning attached to these is rather inconsistent. This neces-
sitates a profound clarification of the terminology for each publication which treats uncertainties. This work
does not propose a new terminology, but applies the terminology propose@byk@vpPF [15]. Some
additional nuances are, however, necessary in order to enable clear distinction between probabilistic and
non-probabilistic quantities in the remainder of this chapter.

The termvariability coversthe variation which is inherent to the modelled physical system or the environment
under considerationGenerally, this is described by a distributed quantity defined over a range of possible
values. The exact value is known to be within this range, but it will vary from unit to unit or from time to
time. Ideally, objective information on both the range and the likelihood of the quantity within this range
is available. Some literature refers to this variabilityadeatory uncertaintyor irreducible uncertainty
referring to the fact that even when all information on the particular property is available, the quantity cannot
be deterministically determined. Typical examples of variability are:

a property of a design which is subject to manufacturing tolerances

environmental effects on a model (temperature, humidity, .. .)

properties of non-uniform materials

identifiable disturbances in operating conditions

An uncertaintyis a potential deficiency in any phase or activity of the modelling process that is due to lack

of knowledge The wordpotentialstresses that the deficiency may or may not occur. This means that there
may be no deficiency even though there is some lack of knowledge, i.e. , when the numerical model of the
phenomenon happens to be correct rather by chance than due to exact knowledge. This definition basically
states that uncertainty is caused by incomplete information resulting from either vagueness, nonspecificity
or dissonance [16]. Vagueness characterises information which is imprecisely defined, unclear or indistinct.
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It is typically the result of human opinion on unknown quantitigb¢“density of this material is around).
Nonspecificity refers to the availability of a number of different models that describe the same phenomenon.
The larger the number of alternatives, the larger the nonspecificity. Dissonance refers to the existence of
conflicting evidence of the described phenomenon, for instance when there is evidence that a quantity belongs
to disjoint sets. Possibly, limited objective information is available, for instance when a range of possible
values is known. In most cases, however, information on uncertainties is subjective and based on some
expert opinion. Others in literature refer to this uncertaintyeasicible epistemicr subjective uncertainty

Typical examples of uncertainties are:

e non-rigid models for boundary conditions
o simplified models for joints
e models for material damping

¢ unpredictable model changes due to ageing, loading, . ..

An error is defined asa recognisable deficiency in any phase of modelling or simulation that is not due

to lack of knowledge The fact that the error is recognisable states that it should be identifiable through
examination, and as such is not caused by lack of knowledge. This means that the error could be avoided
by an alternative approach which is known to be more accurate, but which is possibly limited in practical
applicability by computational cost or other practical considerations. A further distinction beaskeowl-
edgedandunacknowledgedrrors is possible. Unacknowledged errors are blunders or mistakes, for instance
where the analyst tries to model one phenomenon but as a result of human error, applied the wrong govern-
ing equations. These unacknowledged errors cannot be corrected. An example of an acknowledged error is
the error associated with the conversion of partial differential equations into discrete equations using the FE
methodology. Other typical examples of acknowledged errors in FEM are:

¢ the use of linear models
¢ the use of partial differential equations for the description of the analysed phenomenon

¢ the representation of the displacement inside an element by a polynomial shape function

It is clear that the acknowledged errors are all inherent to the FE analysis methodology as for any numerical
analysis tool which tries to describe physical reality. This means that remedying these errors implies an
alternative approach to the classical FEM principles. This, however, lies not within the scope of this paper.

Figure 1 summarises the definitions in this section with their main characteristics in the context of the FE
methodology.

2.1.2 Discussion and extension of the definitions

The definitions of uncertainty and variability above are rather straightforward and comprehensible. However,
they are not mutually exclusive, since a variability could be subject to lack of knowledge when information
on its range or likelihood within the range is missing. This is for instance the case for every design dimension
subject to tolerances, but without further specification of manufacturing process or supplier. The tolerances
represent the bounds on the feasible domain, but there is no information on the likelihood of the possible
values within these bounds. Consequently, because there is a lack of knowledge, such a variability is also
an uncertainty. It is referred to here aswamcertain variability Some vague knowledge may be available
(“the mean value is approximatety) but also nonspecificity may play an important role in the uncertainty,

for instance in choosing an appropriate model to describe a random quantity. Opposed to the uncertain
variability, acertain variabilityrefers to a variability the range and likelihood of which are exactly known.
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Figure 1: Occurrence of variabilities, uncertainties and errors in the FE procedure

On the other hand, it appears logical to state that every property in a numerical model corresponding to a
physical quantity is a variability, since it will eventually have a range of possible values and a likelihood in-
side this range in the physical model. This argumentation implies that all uncertainties are also variabilities.
In practice, however, the majority of model properties are implemented as constant deterministic values in
the numerical model. Though they are subject to variation, the influence of their variability on the analysis
result is considered to be negligible. Often, uncertainties refer to a possible lack of knowledge in these deter-
ministic properties. This type of uncertainty is referred tor@ariable uncertainty Note thatinvariablein

this case does not mean that the property cannot change over different analyses. According to the definition
of uncertainty, it will change when information that decreases the amount of uncertainty is acquired. The
invariable uncertainties typically occur in model properties for model parts that are difficult to describe nu-
merically, but considered constant in the final physical product (connections, damping, ...). Other examples
are design properties which have negligible variability but which are not defined exactly in an early design
stage. Figure 2 gives a graphical illustration of the proposed subdivision of the definitions for uncertainty
and variability.

VARIABILITY UNCERTAINTY

invariable
uncertainties
uncertain though
assumed constant model
properties

uncertain
variabilities

variations with unknown
frequency of occurrence

certain
variabilities
variations with
known frequency
of occurrence

Figure 2: Classification of variabilities and uncertainties in numerical modelling
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2.1.3 Example

The above definitions give a clear distinction between the different classes of non-deterministic model prop-
erties. In order to do a meaningful analysis, it is very important to determine the right class of the non-

deterministic properties present in the treated problem. The following small example illustrates that this
classification is not always obvious, and can be influenced by the intention of the non-deterministic analysis.

Consider of a tank design, which is designed to carry a prescribed amount of fuel. Suppose that we want to
assess the structural design of this tank through numerical analysis, using the amount of fuel in the tank as
non-deterministic parameter. In other words, we want to analyse the effect of the amount of fuel in the tank
on its structural behaviour. In the most conventional interpretation of this problem, the purpose is to account
for all possible uses of the tank, from being empty to completely filled. In that case, the mass of the fuel in
the tank can be interpreted as a variability, since there clearly will be a variation over time or from unit to
unit in the amount of fuel the tank contains. This means that the analysis indeed should focus on the effect
of this variation in fuel mass between the absolute minimum and the absolute maximum.

On the other hand, the problem is totally different when we want to analyse the same tank when it is designed
for a single mission, e.g. , as a fuel supply tank in a space mission. In that case, the difference between the
actual carried amount of mass and the amount the tank is designed for can be expected to be very small. The
amount of fuel now no longer represents a variability. It could however be useful to analyse its influence

on the design, for instance to assess the robustness of the design. In that case, the fuel mass becomes
an invariable uncertainty, the range of which can be chosen by the analyst according to his own expert
knowledge or preference.

2.2 Numerical concepts for non-deterministic numerical modelling

Historically, the introduction of the non-probabilistic approaches for non-deterministic analysis has initiated
a profound discussion in literature. On one side, some claim that the probabilistic approach is only a subcat-
egory of a more universal non-probabilistic approach. Therefore, the latter would represent a more unified
approach for non-deterministic analysis. On the other side, some argue that probabilistic methods are able
to model anything the non-probabilistic approach can. The goal of this section is not to choose either side
in this discussion, but merely to review the applicability of the non-probabilistic concepts from an objective
viewpoint. Therefore, for each concept, its compatibility with the definitions of uncertainty and variability

in the previous section is discussed. This discussion focusses on the ability to objectively represent the avail-
able information. In order to enable a critical review of the capabilities of the non-probabilistic concepts, this
section first starts with a brief discussion on the main features of the probabilistic concept in the framework
of uncertainty and variability modelling.

2.2.1 Basic properties of the probabilistic concept

In the classical frequentist application of the probabilistic concept, the goal of a numerical property descrip-
tion is to define a domain of possible values this property can adopt, and to give information on the frequency
of occurrence of the numerical values in this domain. This is typically done by defining a probability density

function fx (x) (PDF) for the probabilistic quantityX' over the domain of possible values. The probability
that the quantity lies within the intervéd, b] is directly derived from this PDF:

P(aSXSb):/be(x)dx 1)

The expectation of a functiog( X') with respect tof x (=) is defined as:

E{g(X)} = / " o) fx(@)de @)
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The mean value or average of the distributipp(x) equalsE{X}. The other most dominant features of
a probabilistic quantity are commonly described by the central moments associated with the PB®. The
central momentn,, follows from the mean value using:

= / (x — E{X})" fx () dz (3)
The second order central moment is the most commonly used, and referred to as the variance of the distribu-
tion denoted byar(X). The standard deviation is definedas = /var(X). Itis a common measure for

the dispersion of the distribution about the mean value.

For multiple probabilistic quantities, the PDF concept is extended to more dimensions using the joint prob-
ability density functionfx, . x, (z1,...x,). The expectation is defined in an analogous manner as for the
univariate distributions. The covariance, the first order joint central moment, gives a measure of the inter-
dependence between the quantities. It is commonly represented by the covariancd matriaining all
individual variances and covariances:

var(Xy)  cov(X1,X2) ... cov(Xy,Xp)
cov(Xe, X1)  war(Xa) ... cov(Xa,X,)
- : : : : (4)
cov(Xp, X1) cov(X,, Xo) ... wvar(X,)
with
cov(Xy, Xj) = E{(X; —mx;)(X; —mx;,)} (5)

Extensive literature exists on the subject of probability theory, treating a vast variety of PDFs and their
applicability for description of random quantities. An overview of these can be found in [17] and [18].

In most available non-deterministic FEM software codes, the probabilistic concept is applied to describe
both variabilities and uncertainties in a model. This is mainly due to the fact that there exists a large number
of numerical analysis procedures based exclusively on probabilistic input quantities. Therefore, every non-
deterministic quantity in a model is readily replaced by a probabilistic quantity by introducing an appropriate
PDF. However, the probabilistic model does not necessarily represent the available objective information. For
the study of the applicability of the probabilistic model, distinction between certain variabilities, uncertain
variabilities and invariable uncertainties is necessary.

It is clear that the probabilistic concept is most appropriate to represetatin variabilities since in the
frequentist interpretation, the probabilistic description using a PDF is completely consistent with the def-
inition of a variability as in section 2.1.1. The information on the range and the likelihood of a certain
variability can be unambiguously incorporated in the PDF. Furthermore, the probabilistic outcome of the
analysis will give an indication of the actual expected frequency of occurrence of the analysed phenomenon.
It is, however, important that all information is available in order for the model to realistically represent the
variability. For instance, if more than one variable property is present in the model, the correlation between
the different variabilities might play an important role in the probabilistic analysis. Ideally, the joint PDF
describing the likelihood and interdependence of all non-deterministic model properties is available. Since
this is almost never the case, the probabilistic description of variability interdependence is generally limited
to some moments of low order. Often, when cross correlations are unknown, the variabilities are assumed to
be independent of one another.

For uncertain variabilities a representation by a single random quantity is generally not sufficient. Engi-
neering scientist REUDENTHAL [19] who was one of the pioneers of probabilistic methods in engineering
states that ...ignorance of the cause of variation does not make such variation randoBy’ this, he
means that when crucial information on a variability is missing, it is not good practice to model it as a
probabilistic quantity represented by a single random PDF. On the contrary, in this case it is mandatory to
apply a number of different probabilistic models to examine the effect of the chosen PDF on the result. For
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instance, when the range of the variability is known but the information on the likelihood is missing, all
possible PDFs over the range should be taken into consideration in the analysis. The analyst will generally
select only a few probabilistic models which he considers consistent with the limited available information
or most appropriate to obtain as much knowledge as possible on the result.

Most often,invariable uncertaintiegre represented by random quantities in probabilistic analysis. As such,
the analyst tries to express his lack of knowledge of the property. This means that some PDF is chosen
which to the knowledge of the analyst represents best the uncertain nature of the quantity, but which is not
based on available objective information. It is clear that in this case, the information contained in the random
guantity does not represent the actual variation of the quantity in the final product, since by definition, the
invariable uncertainties are considered to be constant. The random quantity in this case merely represents the
presumed likelihood that a model parameter will adopt a value. As such, the lack of knowledge is filled by
subjective information provided by the analyst, expressed in the form of a PDF. This is sometimes referred to
as a subjective PDF. In this context, Bayesian methods are becoming increasingly popular for the modelling
of subjective uncertainty. The main advantage of using the probabilistic approach for subjective uncertainty
modelling is that the available probabilistic procedures can be readily applied for the analysis. It should be
kept in mind, however, that the main strength of the Bayesian approach is its capability of incorporating
objective information that becomes gradually available. When this is not the case, the Bayesian approach
remains a fully subjective representation of reality.

At this point, it is very important to emphasize the consequences of the difference in the use of the proba-
bilistic concept for variabilities on the one hand, and invariable uncertainties on the other hand. The former
represents variability defined as a variation from unit to unit or in time for the final product, while the latter
clearly may not be interpreted in this sense. Consequently, when interpreting the results of a probabilistic
analysis based on both uncertainties and variabilities, it is imperative to distinguish between the different
meanings attached to both. Though this seems straightforward, neglecting this distinction is a very common
mistake in probabilistic uncertainty analysis. Section 3.3.2 elaborates further on the implications of this
problem for probabilistic reliability analysis.

Recently, some criticism on the general application of probabilistic methods is arising. A first argument con-
cerns the necessity of the probabilistic analysis. In some cases, non-deterministic analysis is merely a tool
to enhance or optimise the expected physical behaviour of a design based on (limited) knowledge of exter-
nal non-deterministic influences. While probabilistic analyses are applicable for this purpose, probabilistic
information on the behaviour of a design is not always primordial. Especially when subjective information
is present in the analysis, other non-probabilistic techniques could give a valuable, maybe even additional
insight into the non-deterministic nature of the simulated behaviour. Whether or not these techniques are
valuable alternatives depends on the added value of the results. A second often heard argument against
probabilistic analysis relates to its computational time-efficiency. This refers to the popular implementation
using a Monte Carlo simulation, which is a rather time consuming technique, as it uses a high number of
deterministic calculations to simulate the probabilistic process. Therefore, its computational efficiency will
always lag behind the efficiency of the corresponding deterministic analysis.

Combining both arguments above, the criticism comes down to the fact that for some cases, the added value
of the results of a probabilistic analysis does not justify the computational effort required to obtain them.

In order to objectively assess this criticism as an argumentation in favour of non-probabilistic concepts, a
clear insight in the available alternative techniques is necessary. Therefore, the next sections describe the
basic properties of two non-probabilistic concepts, after which section 3 will discuss their applicability for
engineering design purposes.

2.2.2 Basic properties of the interval concept

Recent developments in interval arithmetics are mainly based on the workboR¥[20], who introduced
interval vectors and matrices and the first non-trivial applications. By definition, an interval scalar consists
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of a single continuous domain in the domain of real numiiergd he range is bounded by a lower and an
upper bound. The domain of interval scalars defined @vés denoted bylR. In order to facilitate the
development of the mathematical background in the remainder of this work, this section first introduces a
generalised notation for intervals and sets.

A generalinterval scalaris denoted by a boldface variabie The lower and upper bound of an interval
scalarx are denoted by respectivelyz. A real closed interval scalar is defined as:

x={z| (zeR)(z<z<7)} (6)

An alternative notation for an intervalis [z, Z]. A straightforward extension of an interval scalar is a general
set scalardenoted by(z). It consists of a number of disjoint interval scalardit1

@)= |J x (7)

i=1..n

Combining different interval scalars into a vector or matrix is generally done by simply combining all com-
ponent intervals independently in the multidimensional space. According to this principle, an interval matrix
or vector includes any combination of the entries as long as they are within the bounds of their interval
scalar. This means that all entries are implicitly assumed to be mutually independent quantities. This has
very important consequences for the use of the interval concept in FE analysis since there is generally a
strong dependency between FE vector or matrix entries. Neglecting this dependency results in the implicit
introduction of conservatism into the analysis.

Mathematically, thenterval matrix [X] € IR™*" describes the set of all matrices for which each matrix
entryz;; is contained within its corresponding interval scatgr

X) = {1x] | oy € x| ®)

An interval vectorsimilarly is denoted by{x} € IR". Finally, aset matrix([X]) describes the set of all
possible matrices where each matrix entyyis contained within its corresponding set scdlay;):

([X]) = {[X] | zij € (fl?z‘j>} 9

Again, the matrix elements are implicitly considered independent.

The information represented by an interval object depends on the type of modelled non-deterministic quan-
tity. Also here, distinction between certain variabilities, uncertain variabilities and invariable uncertainties is
necessary.

For certain variabilities the input interval objects are derived from the support of the corresponding in-
put PDFs. Consequently, the result of an interval analysis only represents the actual range of the variable
outcome of the analysis. The available information on the likelihood inside the range is lost, which is an
important disadvantage. Especially for a variability with a justifiable PDF support that is very large, using
the support as input for the interval analysis will generally result in an extremely wide output interval. While

it is theoretically correct to state that the final result will range over this output interval, disregarding the
probability of the PDF tails in this case clearly strongly devaluates the interval analysis.

When the upper and lower bounds of a non-deterministic property are well-defined but information on the
type of the distribution is missing, it belongs to the classindertain variabilities In this case, the interval

model represents perfectly the available information. However, especially for variabilities with a very large
PDF support, the determination of the corresponding interval bounds is not always unambiguous, since the
probability of the values that are located in the tails of the commonly applied PDFs with large support is
typically very low. If these tails cannot be justified adequately with experimental data, there is no reason to
unconditionally use the PDF support for the interval analysis. In this case, the analyst should implement the
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bounds which he considers realistic with respect to the available experimental data. Oftenbitnends

are assumed to be realistic interval bounds. This conversion does not necessarily reduce the truthfulness of
the uncertainty representation when there is little information on the actual tails of the PDF. Still, if the tails

of the PDF are expected to have little probability, the impact of the subjective interval bounds on the interval
analysis result is much larger than the impact of subjective PDF support limits on the probabilistic analysis
result. Therefore, variabilities with unknown PDF support but a well-known normal-like behaviour near the
center of the PDF are best modelled probabilistically.

Forinvariable uncertaintiesgenerally a subjective interval is required. In this case, care should be taken not
to interpret the interval quantity as the actual range in the physical product. It merely represents the values
the analyst considers possible at the time the analysis is performed. Therefore, similar to the application of
the probabilistic concept for invariable uncertainties, it is important to acknowledge the subjectivity in the
result of the analysis. However, since the interval concept requires less subjective information to be added to
the problem description, there is less room for misinterpretation of the results.

To conclude, we can state that the probabilistic concept remains the most valuable for the representation of
certain variabilities and uncertain variabilities with unknown support but known normal-like behaviour. The
omission of a known PDF through the interval concept can only be justifiable when probabilistic information

is not required, or the computational cost of the interval analysis is significantly lower. The interval concept
is most valuable when dealing with uncertain variabilities with known support but unknown distribution, or
invariable uncertainties.

2.2.3 Basic properties of the fuzzy concept

The theory of fuzzy logic was introduced byaBeH [21] in 1965, and has gained an increasing popularity
during the last two decades. Its most important property is that it is capable of describing linguistic and,
therefore, incomplete information in a non-probabilistic manner.

A fuzzy set can be interpreted as an extension of a classical set. Where a classical set clearly distinguishes
between members and non-members of the set, the fuzzy set introduces a degree of membership, represented
by themembership functionThis membership function describes the grade of membership to the fuzzy set

for each element in the domain. The concept allows membership values different from zero and one. This
enables the representation of a value that is only to a certain degree member of the set.

For a fuzzy sef:, the membership function is definedas(x) for all 2 that belong to the domaiX:

= { (@2 (@) | (€ X) (s (x) € 0,1]) } (10)

If uz (x) = 1, x is definitely a member of the subset If u; (z) = 0, z is definitely not a member of

the subsett. For everyxz with 0 < p; (z) < 1, the membership is not certain. For the representation

of numerical uncertainty, a class calledrmal fuzzy numbeiis generally used. For these fuzzy numbers,

there is at least one point where the membership is equal to one, and the membership is strictly increasing
and decreasing to the left respectively the right of this point. The most frequently applied shapes for the
membership functions are the triangular and Gaussian shape. Figure 3 shows the membership functions of
some typical normal fuzzy numbers.

While the concept of fuzzy logic was invented in 1967, it resulted mainly in practical applications during the
last two decades. The works ofuBoIs and RRADE [22, 23] contributed to a large extent to this evolution.

The concept has been most successful in the application to controller design, krfaezyasontro[24]. In a

fuzzy controller, the fuzzy concept is the basis for a human-like decision process for choosing an appropriate
process control value based on fuzzily described state variables. This human-like concept does not require
strict mathematical control rules, but is capable of handling linguistic rules often based on expert knowledge
rather than strict objective data.
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A pz (@) A pg (y)
“Z is around 50 7 “1 is most probably above 50 7

45 50 55 X

Figure 3: Some typical membership functions that describe linguistic variables

ZADEH [25] extended the theory of fuzzy sets to a basis for reasoning with possibility. In this interpre-
tation, the membership function is considered as a possibility distribution function, providing information
on the values that the described quantity can adopt. More generally, the possibility is defnsdigesc-

tive measure that expresses the degree to which the analyst considers that an event cait pcovides

in a system of defining intermediate possibilities between strictly impossible and strictly possible events.
Through this interpretation, the fuzzy concept has become a tool to model subjective knowledge numerically
in a non-probabilistic concept. This has drawn the attention of the numerical community, since knowledge of
uncertainties in a numerical model is commonly based on expert opinion. This has lead to the first attempts
to use the fuzzy concept in a non-deterministic framework, resulting in some applications in structural op-
timisation under uncertainty [26, 27]. Also, this has initiated the development of the Fuzzy Finite Element
Method (FFEM) for numerical analysis of non-deterministic models [28].

However, the application of the fuzzy concept for non-deterministic numerical modelling is not straightfor-
ward. The main problem of the representation of a model property through a fuzzy set, is that the membership
function does not relate to an objective measurable quantity. The level of membership that is assigned to dif-
ferent members of a fuzzy set is completely based on the subjective beliefs of the analyst. Therefore, also
the fuzzy results obtained from the analysis will be biased with the subjective input. Hence, these results
may only be interpreted in reference to the assumed fuzzy input. This poses an important restriction on
the use of the fuzzy approach for numerical design validation purposes. The practical consequences of this
restriction will be further addressed in section 3.3. First, the applicability of the fuzzy concept for variability
and uncertainty representation is discussed.

For a fuzzy representation @krtain variabilities the known PDF has to be converted to a compatible
membership function. A number of methods have been developed for this purpose [23, 29]. The basic
law for the conversion follows from the consistency principle, which states that the degree of possibility of
an event is greater than or equal to its degree of probability. This principle implies the following rule for
conversion of probabilistic into possibilistic distributions:

[ ixta)do < max (M) (11)

for any set B in the feasible domain. This means that even a completely known probabilistic quantity has an
infinite number of possibilistic representations. Therefore, these conversion techniques always rely on some
sort of subjective judgement. Still, it is the author’s opinion that forcing the application of fuzzy sets into the
domain of certain variabilities through a conversion of PDFs as described above is rather irrational. Available
objective probabilistic data is replaced by a subjective description, resulting in the loss of very valuable
information. This loss is generally unjustifiable. Therefore, the conversion of a PDF to a membership
function should not be done.

For uncertain variabilities the fuzzy concept can be used for a hybrid uncertainty model. It stems from an
alternative interpretation of a possibility distribution introduced hysD1s and RRADE [30] based on the
Evidence Theory31]. In this approach, a fuzzy number is used to represent a class of probability random
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guantities that have a cumulative distribution function (CDF) in between boundaries derived directly from
the possibility distribution. The left boundary on the compatible CDFs coincides with the increasing branch
of the fuzzy number. The right boundary coincides with the complement of the decreasing branch of the
fuzzy number. Figure 4 clarifies this approach. In this concept, the possibilistic approach becomes a tool to
simultaneously examine the effect of a set of different PDFs in a single analysis. While the ability of this
concept to model classes of probabilistic data seems extremely powerful, it has only been applied very rarely
in uncertainty analysis.

A pz (x)

fuzzy number T
-------- boundaries on CDF's

/ compatible with &

/) ————— example CDF

/ compatible with &
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Figure 4: Possibility distribution of a fuzzy number and corresponding lower and upper boundaries for CDF
compatible with the fuzzy number

Finally, aninvariable uncertaintyequires a fuzzy set that represents the subjective expectation of the analyst.
When the invariable uncertainty represents an open design decision subject to optimisation, the analyst can
express his preference of the quantity through the possibility distribution. Still, when interpreting the results,
reference to the chosen input membership functions is imperative.

Considering the explicit subjective nature of a fuzzy set, it is concluded that it is most useful to describe
uncertainties. The more objective information becomes available on a non-deterministic model property, the
less the fuzzy concept is appropriate to describe it.

3 Non-deterministic FE analysis for design purposes

The previous section clearly shows that the interval and fuzzy approach can be very valuable concepts for
modelling incomplete information under specific circumstances. It is clear that the capability of modelling
different amounts of available information creates new possibilities for design engineers. This section will
give an overview of these possibilities in the context of the finite element analysis. In sections 3.1 and 3.2,
the translation of the classical deterministic FE analysis procedure to respectively the interval and the fuzzy
approach is described. The knowledge of the underlying numerical procedures is primordial for a good
understanding of the discussion on the practical application for design purposes in section 3.3.

3.1 The interval FE analysis

The goal of the IFE analysis is to obtain the maximal meaningful information on the possible outcome
of the FE analysis when each model parameter is expressed either by an interval or by a crisp number.
Numerically, this is equivalent to finding the minimal and maximal deterministic analysis results taking into
account all possible models that lie within the interval uncertainty description. In this section, we consider
the FE analysis in a black-box form, i.e. , a mapping of input properties contained in the FE model to output
guantities derived from the FE solution. The input of this function consists of all non-deterministic model
properties, assembled in a parameter ve¢igr. The output quantities can be any set of system response
guantities derived from the FE analysis result, from nodal displacements over stresses to other derivative
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guantities. This mapping in its most simple form is represented by the black-box fugﬁtﬁl{m}\) resulting

in the output vectofy}. In the interval analysis, the input parameter vector is defined to be contained within
an interval vecto{x}. The IFE procedure then is numerically equivalent to finding the following solution
set:

() = {1 (ta € ) (101 = 1(00) | (12

Generally, the components of the output vedtgf are related to each other through the design parameters.
Therefore, the solution ség{y}> can basically adopt any form in the output space. This makes it extremely
difficult to calculate an exact description of the solution set. In most cases, however, only the individual
ranges of some components of the result vector are really of interest. Therefore, research focuses on calcu-
lating an interval vector that approximates the exact solution set but neglects the interdependencies between
the output vector components. This is referred to as a hypercubic approximation of the result. It describes
a range for each vector component, but not all combinations of vector components within these ranges are
part of the exact solution set. Generally, the smallest hypercube around the exact solution set is of most
importance. Still, in early design stages, also conservative hypercubic approximations of the solution set can
be very valuable. Figure 5 gives a two-dimensional illustration of an exact solution set and the corresponding
approximate hypercubes.
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Figure 5: Hypercubic approximations of a continuous two-dimensional output set of an IFE analysis

Research nowadays in this area mainly focusses on three different numerical solution strategies to calculate
a hypercubic approximation of the exact solution set: the vertex analysis, the global optimisation approach
and the interval arithmetic approach. All will be briefly described below. Recently, the current authors
have proposed a hybrid approach which will also be briefly discussed here. A more detailed overview of
implementations of the IFE methodology based on these principles can be found in [32].

3.1.1 The vertex analysis

DoNG et al. [33] first introduced the vertex method. This method approximates the range of the result of a
numerical procedure by introducing all possible combinations of the boundary values of the input intervals
into the analysis. FolN input intervals, there arg"V vertices for which the analysis has to be performed.
These vertices are denotedfoy } ,j =1,... 2N Each of these represents one unique combination of lower
and upper bounds on th¥ input intervals. The approximate analysis range is deduced from the extreme
values of the set of results for these vertices:

{y} ~ |min f({ei}), max f{e}) (13)

Despite its simplicity, this method has some important disadvantages. It is clear from equation (13) that the
computational cost increases exponentially with the number of input intervals. This limits the applicability
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of the vertex method to rather small systems, or systems with very few interval entries in the system matrices.
The main disadvantage of this method, however, is that it cannot identify local optima of the analysis function
which are not on the vertex of the input space. It only results in the smallest hypercube if the analysis
function is monotonic over the considered input range. This is a strong condition that is difficult to verify
for FE analysis because of the complicated relation of analysis output to physical input uncertainties. The
approximation obtained when monotonicity is not guaranteed is not necessarily conservative. This fact
reduces the validity of this method for design validation purposes.

3.1.2 The global optimisation strategy

In essence, calculating the smallest hypercube around the solution set expressed in equation (12) is equivalent
to performing a global optimisation, aimed at the minimisation and maximisation of the components of the
deterministic analysis resul{g}. The deterministic FE analysis is the goal function of the optimisation and

the uncertain parameters are the design variables. The interval vector in which the uncertain parameters are
contained defines the constraints for the variables. The optimisation is performed independently on every
element of the result vectdry}. Therefore, the solution set of equation (12) becomes an interval vector
describing the hypercube around the exact solution:

y1
=47 (14)

Yn

with:
= mi i{x}), i=1... 15
Y, {m}e{nx}f({ }) n (15)
y; = max fz({x}) 1...n (16)
{zye{x}

An efficient and robust optimisation algorithm is primordial for this solution strategyp & al. [4] applied
PowELL’s method to tackle the optimisation.d&&LU0oGLU [1] defined a linear programming solution for

this purpose. The input interval vector defines the number of constraints and, therefore, strongly influences
the performance of the procedure. Also, because of the required execution of the deterministic FE analysis in
each goal function evaluation, the optimisation approach is numerically expensive. Therefore, this approach
is best suited for rather small FE models with a limited number of input uncertainties.

3.1.3 The interval arithmetic strategy

The interval arithmetic approach consists of translating the complete deterministic numerical FE procedure
to an interval procedure using the arithmetic operations for addition, subtraction, multiplication and division
of interval scalars:

at+b = [Q—FQ,E-FH (17)
a-b = [a—ba—1D (18)
axb = [min(a xbaxbaxbaxb) max(axb,axbaxbaxb) (19)

a
a/b = ax [%

b, it ogp (20)

The outline of the interval procedure corresponds completely to the deterministic FE analysis. The main
difference is that each substep of the interval algorithm calculates the range of the intermediate subfunction
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instead of the deterministic result. Application of this principle on the complete algorithm results in the
range of the output of the analysis.

There is an important drawback for this method. The inclusion property for ranges of nested functions states
that an arithmetic interval operation introduces conservatism in its result if it neglects correlation that exists
between the operands. A simple example illustrates this. Consider the function:

flz)=2—=x (22)

applied on the intervak = [0, 1]. Applying interval arithmetic, both terms are considered independently.
This results in the interval solutigr-1, 1]. However, the exact range of the function equatg, 0].

In an automatic computer procedure as for the IFE analysis, this phenomenon cannot be avoided because it is
impossible to keep track of the relationships between all intermediate results of the algorithm. Consequently,
each interval substep results in an enclosure of the exact substep range. Therefore, also the final result is a
conservative approximation of the exact range of the FE analysis. Generally, the degree of conservatism is
unknown. It possibly can be too high to be useful for practical applications.

The implementation of the interval arithmetic IFE approach consists of two parts:

1. The translation of the input intervals to an interval system description in the form of interval system
matrices. These are obtained by translating the deterministic assembly procedure to interval analysis
and results in the interval system matrices.

2. The approximation of the solution of the analysis expressed as an interval problem using the interval
system matrices. For structural dynamic analysis, these are denoffd,bivI] and[C]. The exact
solution set then becomes:

{{y} | (%] € [K]) (1m) € M) (] € [C1) ({w} = £ (K], [M], [C}))} (22)
with f the function representing the calculation of the analysis result based on the system matrices.

While nearly all literature on IFE is based on the solution phase, the interval matrix assembly phase was
shown to have a very important contribution to the conservatism in the final analysis results [32]. Still, the
applicability of the interval arithmetic strategy mainly depends on the availability of a calculation procedure
for the hypercubic approximation of the solution set of equation (22). This procedure strongly depends on
the numerical properties of the intended FE analysis.

For static analysis, the second phase of the interval analysis consists of an equilibrium or steady-state prob-
lem. This is numerically equivalent to a matrix equation that requires the solution of a system of equations.
The corresponding interval problem yields:

() = 1 (141 1a1) (0 < 1) (1410 = ) } @3)

with {b} the interval vector representing the uncertain generalised loading of the considered model. This
solution set contains all vectofg } which are a solution of the matrix equatio#a] {y} = {b} with [A] and

{b} ranging respectively over the interval objets| and{b}. From the world of interval arithmetic, this
solution set is referred to as thmited solution sef34] and denoted by55([A], {b}). There have been

many attempts in literature to calculate this solution set. However, up to now, these attempts are not really
successful. Most algorithms are either limited to very small scale systems, or can only be applied under very
restrictive conditions.

For dynamic analysis, the situation is different. Especially for interval arithmetic implementations of the
eigenvalue problem, some successful algorithms have been defined. For this application, the IFE procedure
requires the calculation of the solution set:

{1 (11 1) (13 € ) (11 ) = 3 101 (0| (22
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with [K] and[M] incorporating implicitly the dependency of the system matrices on the input parameters. It
can be shown that, assuming independent interval system matrices, the bounds of this exact solution set are
achieved for vertex matrix combinations [35]. This means that the exact solution of the interval eigenvalue
problem can be found. Some algorithms have been developed which efficiently calculate this exact vertex
solution. GHEN et al. [35] introduced a non-iterative procedure based on the RGH quotient, which

states that the lower and upper bound on an eigenvalue follow directly from two deterministic eigenvalue
problems. An enhanced methodology was developedIbGEBEILY et al. [36]. It provides a solution for

the original problem with an extra restriction of symmetry on the considered system matrices:

{t (1 e ) (. € ) (1 €0 = e o) | (25)

with K and M, symmetric. The most important effect of this extra restriction is that it intrinsically removes
the conservatism resulting from allowing artificial non-symmetric system matrices. The numerical procedure
is based on the interval translation of the deterministiol@av sequence. It proves to be an efficient iterative
algorithm. Unfortunately, it is limited to tridiagonal system matrices. This makes it only applicable for
specific cases.

3.1.4 Hybrid IFE analysis

In order to extend the applicability of IFEM, a general remedy to excessive conservatism was introduced [37].
It is a hybrid procedure, consisting of both a global optimisation and an interval arithmetic part. In the first
part, an optimisation is applied to calculate the interval result at some intermediate step of the total algorithm.
In the second part, the interval analysis is performed on these intermediate results. This method has two
major advantages:

e because of the global optimisation, all conservatism prior to the optimised intermediate result is neu-
tralised

e the performance of the optimisation step is controllable by adequately choosing the level on which to
perform it

This approach has been successfully applied in an IFE procedure for the calculation of interval FRFs [28].
In the first part of this procedure, the optimisation is used to translate the interval properties defined on the
FE model to the exact interval modal stiffness and mass parameters of the structure. The calculation of
the envelope FRFs in the second part is done by applying the interval arithmetic equivalent of the modal
superposition procedure on these interval modal parameters. This procedure neutralises all conservatism in
the matrix assembly phase, since it directly uses the modal parameters as goal functions in the optimisation
part. The final envelope FRFs have been proven to contain only a very limited amount of conservatism.

3.2 The fuzzy FE analysis

The principal goal of the FFE analysis is to obtain the membership function of the output quantities given
the membership functions of all input quantities. It basically requires a concept to handle the combination of
the fuzzy input sets, i.e. , a definition of a Cartesian product combining different fuzzy sets. The membership
function of a Cartesian product of variables described by individual membership functions has been defined
in literature [38]:

Wiy ... 53 (T1y -« - - Tp) = min (/J,jl (1), .- pz, (xn)) (26)

This definition states that the possibility of a combination of fuzzy events equals the minimum of the possi-
bilities of all individual events.
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Calculating the result of the FFE analysis further requires an arithmetic that handles the numerical evaluation
of functions of fuzzy sets. A general concept follows directly froaDZH’s extension principle [39], which
describes a general procedure for extending crisp mathematical procedures to fuzzy quantities. It states that

the fuzzy outpugj of the crisp functionf(x1, z, . .., z,,) applied ton fuzzy numbers:; equals:
Hyg (y) = xlsug: (min (,ui"l ('rl)v Ry 22 (xn>))
y=f(z1,...7n) 27)

This definition implies that the membership value of the fuzzy regiitir a specific value,* equals the
largest among the membership valugs, . ;, of all input combinationgz;, ...z, ) resulting iny*. The
input combinations which result ifi* are referred to as realisationsygf The possibilistic interpretation of
the extension principle is that if a valy& can be achieved for different combinations of the input quantities,
it will adopt its degree of possibility from the realisation with the highest degree of possibility.

The definition of the extension principle as in equation (27) is not readily implementable. For eacly value

of the observed output domain, it requires the complete set of realisations in the input domain to derive the

membership value. This is an extremely difficult task. An alternative approach consists of searching in the

output domain for sets that have an equal degree of membership. This is achieved by analysing the input
domain on a specific level of membershipAt this level, thex-cuts of the input quantities are defined as:

Xio = {¥; € X;, pz, () > o} (28)

This means that an-cut is the interval resulting from intersecting the membership functign dtr;) = «
(see figure 6). After deriving the-cuts of all input quantities at a specific level, a general interval analysis
is performed on these intervals:

o= {ul (s €3008) (v = (01 } 29)
There are two important observations concerning the resulting output interval of this analysis:

e The output interval results from combining all possible input quantities with a membership value larger
than or equal tax. Therefore, following the extension principle, all output values in the interval have
a membership value which equals at least

e Values outside this interval cannot be obtained using exclusively input values with membership values
larger than or equal ta. Therefore, all values outside the interval have a membership smallesthan

These observations basically state that the obtained output interval is an intersection of the output member-
ship function at thex-level, and consequently represents:acut of the output. This means that a discretised
approximation of the output membership function can be obtained from repeatingl¢ivel procedure at

a number of levels. Figure 6 clarifies this procedure for the FFE analysis. As such, the IFE analysis has
become the numerical core of the FFE analysis. Therefore, all implementation principles for the IFE method
as discussed in the previous section can be easily extended to a FFE procedure usiogttsteategy.

3.3 Application of non-probabilistic approaches in a design process

Using the above implementation techniques, virtually any FE analysis can be transformed into a non-
probabilistic equivalent whenever the non-determinism in the model is best described in either the inter-
val or fuzzy concept. Still, the decision on which non-deterministic concept to use should not be based
exclusively on the available information at the analysis input. As shown in the example in section 2.1.3,
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Figure 6: Scheme of the numerical procedure to perform a fuzzy FE analysis usisglllevels

the clear definition of the objective of the analysis is at least equally important in the determination of the
most appropriate non-deterministic analysis tool. Therefore, this section focusses on a number of practical
non-deterministic analysis types that concern a design engineer. Again, in order to evaluate the possibilities
of the non-probabilistic approaches in specific applications, references will be made to the corresponding
probabilistic treatment of the non-determinism.

3.3.1 Numerical non-determinism in a design process

The general objective of the application of numerical tools in a design process is to increase the design
quality of an initial prototype by simulation of its realistic physical behaviour. While numerical analyses
have proven to be very valuable in increasing design quality, an exact quantification of the design quality
reached through the analysis is not always straightforward. This is mainly due to the fact that in any step of
the design, there remains non-determinism in the numerical analysis. There generally is an evolution of the
type of non-determinism encountered during a typical design process. Or as formulateddjAB8]: As

more information about a problem becomes available, the mathematical description of non-determinism can
transform from one theory to the next in the characterization of the uncertainty as the uncertainty diminishes
or, alternatively, as the information granularity increases and becomes specific.

In an early stage, objective information on model properties is often difficult to obtain, since a large number
of model properties have yet to be defined. Some design decisions are even intentionally postponed in
order to be able to study their effect on the design quality. Furthermore, early design improvements are
commonly the result of expert knowledge rather than detailed numerical procedures. This means that the
amount of objective information on average is low, and therefore subjectiveness is substantially present in the
analysis. This leads to the conclusion that in early design stages, most non-determinism should be classified
as uncertainty. Through the course of a design process, the amount of information generally increases. In
some cases, the non-deterministic properties can be more objectively described, e.g. , when certain design
aspects are fixed, or component manufacturers are chosen. The remaining non-determinism gradually can be
classified mainly as model variability, i.e. , design independent variations in the product or its environment.

The evolution of non-determinism in a typical design process as described above is illustrated in figure 7. As
shown in the figure, the numerical prediction of the actual design quality improves over the design process.
In the early stages, the non-determinism in the numerically predicted design quality is mainly driven by
model uncertainties, whereas in later stages, variability becomes more important. This figure also indicates
the evolution of the numerical concepts that are most appropriate for the dominant class of the occurring
non-determinism.

The evolution of a property from one class of non-determinism to another can be clarified using a simple
example. Take for instance the design of a new car body. The start point of the structural design is generally
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Figure 7: Typical occurrence of non-determinism in the product quality predictions during a design process

a conceptual design inspired esthetically rather than mechanically. In this initial design, there is a lot of
non-determinism on the dimensions of structural components, such as for instance plate thickness. Since
there is no information whatsoever on the exact plates that will be used, numerical analysis in this phase can
only incorporate subjective knowledge based on other designs. Alternatively, a designer could be interested
in the impact of a certain plate thickness on the behaviour of the design. In that case, a preferred range could
be defined for the thickness in order to identify the most appropriate value. In either case, there is no clear
objective information on the actual property in the final product. Hence, if non-determinism on this property

is to be taken into account, this can only be achieved through modelling of subjective knowledge. Later, at
a certain point in the design process, a specific reference value will be chosen for the thickness of the plates
in the car body structure. Some tolerances are chosen, which define the allowable region for these properties
in the actual product. At this point, the range of the thickness in the actual product is known, but there’s
no information on the likelihood inside the range. The property is clearly evolved to an interval. Finally,
when the design is finalised up to the detailed description of the manufacturing process, information on the
variation of the plate thickness within the bounds of the tolerances could become available. The value for
the thickness then becomes a variability.

3.3.2 Numerical reliability analysis

The reliability of a product is defined as the likelihood that it will successfully fulfil its intended task over a
predefined period in time under specific environmental conditions. Numerical reliability analysis based on
probabilistic analysis is very popular because when realistic data is used, it can give a clear indication of the
likelihood of failure of the analysed structure. As such, it can be usefully applied in an economical product
analysis taking into account the cost associated with failure. This probabilistic reliability analysis is broadly
applied and already incorporated in generally accepted design specifications in civil engineering. However,
its application in mechanical engineering is far less standardised. This is mainly due to the plenitude of
different mechanical products, which all require a different amount of reliability. Hence, there are very
few standards for reliability in mechanical design. Each product designer applies rules which are based on
experience rather than on general engineering standards.

According to its definition, reliability belongs clearly to the probabilistic framework in the frequentist con-
text. On the one hand, this complicates probabilistic analysis of designs intended for limited production,
since the fact that the product is only produced in limited quantity strongly complicates a decent a-posterior
verification of the non-deterministic numerical predictions. Furthermore, for most designs intended for lim-
ited production, an unverifiably high reliability is requested (e.g. spacecraft). But an even bigger problem
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lies in probabilistic reliability analysis in the absence of trustworthy objective information. As discussed
in section 2.2.1, while applying the probabilistic concept for the representation of subjective information
is possible, results from such an analysis should definitely not be interpreted as indication for an absolute
frequency of occurrence. The subjectiveness devaluates the use of the probabilistic results in a reliability
context. This subjectiveness of (parts of) the information is not always detected. For instance, neglecting
unknown correlation between properties by assuming them as independent is a common simplification that is
sometimes implicitly made, but that can have important consequences. This implicit assumption of indepen-
dence between probabilistic quantities was one of the important errors that were the source of the Challenger
space shuttle disaster [41]. In this case, the impact of different extreme weather conditions on the launch
was analysed for each condition individually beforehand. The impact of a combination of more than one
of these events, however, was never checked. Although each of the events had a very low probability of
occurring, the probability of their combination proved to be not simply a multiplication of the probability of
the single events. The correlation between the conditions was clearly misjudged, leading to a plausible but
unaccounted for weather situation with disastrous consequences.

The lack of credibility of numerical predictions of reliability is generally compensated by safety factors.
However, one could argue that using these safety factors after applying sophisticated and computationally
expensive numerical procedures is not a really economical situation. Much effort is spent on a numerical
prediction, which, in the end, still has to be corrected based on practical experience. In this context, the
non-probabilistic approaches could prove their value.

The application of the interval concept in numerical reliability studies is often referreditdiasptimisation

This name stems from the fact that from all numerical models within the interval input boundaries, the one
with the least favourable analysis result is the most interesting from reliability point of view. Finding this
least favourable result is mathematically equivalent to performing a numerical optimisation aimed at the
worst case result with respect to the input intervals.

The concept of anti-optimisation has been introduced as the basis for a non-probabilistic reliability frame-
work [42]. This requires an evolution from a reliability conceptpasbability of failure towardsrange

of acceptable behaviourThis means that the design must assure that the performance remains within an
acceptable domain, without specifying a likelihood of failure. Reliability then becomes a crisp criterion
distinguishing between either acceptable or unacceptable designs. The most important benefit of the anti-
optimisation concept is that it broadens the objectivity of reliability studies to uncertain variabilities with
known range, because the interval model perfectly represents these uncertainties without the need for sub-
jective input. For instance, this enables a fast assessment of dimension tolerances on a design, without
knowing the actual distribution of the dimension within the bounds of the prescribed tolerance. For some
cases, it can be shown that the anti-optimisation procedure results in the same choice of design parameters as
a probabilistic analysis if the required reliability tends to one [43]. The anti-optimisation in this case proves

to be far less expensive in computation time.

The numerical implementation of the anti-optimisation approach is subject to an important requirement.
Since the result of the analysis is the source of a crisp decision between acceptable and unacceptable designs,
approximate results should always be kept on the safe side of the exact result. This means that if approximate
solution procedures are used in the numerical implementation, they should guarantee conservatism in their
result. On the other hand, this conservatism should not be excessively high in order for the result to be of
any practical value.

Also the fuzzy concept can be usefully applied in a reliability framework to perform a possibilistic reliability
analysis. In the interpretation of the membership function as a degree of possibility, the fuzzy outcome
of an analysis could be used to define a possibility of failure. This possibility is clearly influenced by the
subjectiveness that is implicitly incorporated in the fuzzy input of the analysis. This means that for the same
problem, different analysts can and generally will end up with different possibilities of failure. This could be
compensated by defining a personal threshold value for the allowed possibility of failure in the final decision
on acceptable or unacceptable designs. However, due to the necessary amount of personal interpretation of
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the analyst, possibility of failure only has a relative value. Therefore, this approach is extremely difficult to
standardise in a general reliability framework.

A different application of the fuzzy concept in reliability analysis is based on the use of the membership
function as limit CDFs as explained in section 2.2.3. It was shown byRARI et al. [44] that if the

input membership functions represent boundaries on the CDFs of the input parameters, the membership
function resulting from fuzzy analysis on this input forms reliable boundaries on the actual CDF of the
result. Therefore, the fuzzy result of a FFE analysis can be used to derive bounds on the probability of
failure. A simple example illustrates this. Suppose that a FFE analysis results in a membership function
s (M) representing a crucial eigenfrequency of a design as illustrated in figure 8. Suppose furthermore that
a crisp criterion states that the design is acceptable if this eigenfrequency is kept below the*valbhe

fuzzy result envelopes the exact CDF of the eigenfrequency. This means that the bounds on the probability
that the eigenfrequency of the design lies belgixcan be derived from the fuzzy result. The probability
interval is obtained from taking the value of the envelope curve$ as indicated in the figure blj?}’c and?}.

The most conservative statement resulting from the analysis is that the probability of failu@(&qud??)
in the worst case. o

A Hs (A)
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Figure 8. Example of the application of the fuzzy outcome of a FFE analysis to predict bounds on the
probability of failure

It is clear that also the above non-probabilistic reliability methods are subject to the limitation that whenever
there is subjective information involved in the problem definition, the results can not be interpreted as abso-
lute measures of design quality. In an absolute reliability context, the amount of expert knowledge required
in the distinction between a good or bad design is proportional to the amount of subjectiveness incorpo-
rated in the description of the non-determinism. Still, subjective analysis can be of great value when used
in a relative framework, as for instance a design optimisation procedure. This will be discussed in the next
section.

3.3.3 Numerical design optimisation

The principal goal of design optimisation is to define the best possible product under certain restrictions.
These restrictions can be anything from manufacturing cost to limitations placed on physical properties
of the design. The ingredients of the goal function and their relative weights determine the final result

of the optimisation. Reliability can be used as an indication for the design quality, and therefore can be an
important part of the goal function. When reliability is used in this manner, the demands on the objectivity are

much lower than when it is used for absolute design assessment. A relative reliability improvement during
an optimisation process can already be very valuable, even though the absolute reliability is only roughly
approximated. This opens the door for any numerical tool that can handle subjective non-determinism, i.e. ,
the subjective probabilistic interpretation as well as the non-probabilistic approaches.

While applying subjective probability in this context is possible, it is not always the most advisable approach.
In some cases, especially in design optimisation, a probabilistic reliability measure is not required. For
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instance, if the range on some parameters is all information that is available, placing subjective PDFs on these
ranges only complicates the numerical problem, while it doesn’t necessarily add any valuable meaning to
the analysis. In that case, it doesn’t really make sense to transform the problem to the probabilistic concept.
Or as formulated by Bss[45]: Sometimes, striving for precision can be expensive, or adds little or no
useful information, or bothThis indeed holds for the application of reliability calculations in an iterative
optimisation procedure, where the numerical efficiency becomes very important. It is now discussed to what
extend the non-probabilistic approaches can be considered as valuable alternatives for design analysis in an
optimisation framework.

For the interval concept, the most useful application lies in modelling invariable uncertainties. Though they
are assumed to be constant, they could play an important role during design optimisation. The analyst may
ask the question whether the defined ranges for the invariable uncertainties result in an allowable range for the
behaviour, without really being interested in the likelihood of occurrence within the defined interval bounds.
Or, alternatively, the invariable uncertainty represents an open design decision, i.e. , a model property that
has yet to be quantified, and the value of which will be optimised. Pure probabilistic analysis in both cases
seems like an unnatural thing to do, since it requires information that is not available (probabilistic input)
to produce information that is not requested (probabilistic output). The interval procedure is limited to the
definition of the intervals on the uncertainties the analyst would like to take into account. Subsequently, the
design can be assessed from an interval analysis by reassuring that the worst case output is still within the
range of acceptable physical behaviour. This comes down to a worst-case oriented design optimisation.

A commonly formulated criticism on this approach is that the worst-case behaviour generally results from
the combination of extremely rare events. Taking these combinations into account in a design assessment
procedure could lead to severe over dimensioning. This criticism only holds if you can objectively verify the
actual probability of occurrence of the model properties which are considered to be extreme events. But even
more important, if you want to give a realistic weight to the actual occurrence of such an extreme combination
of events, it is imperative to incorporate the exact mutual interdependence between these extreme events in
the procedure, as discussed for the Challenger case in section 3.3.2. In such cases, worst case analysis could
be a tool for identification of extreme events which lead to failure, without the need for a prediction of the
actual probability of this extreme event. This identification should not necessarily lead to adapted designs and
generally associated over dimensioning. In the Challenger case, accustomed launch protocols incorporating
identification of possible disastrous extreme weather conditions, could already be of great value.

As discussed in the previous section, due to its implicit subjective nature, the value of fuzzy FE analysis as
an absolute reliability analysis tool is rather limited. In an optimisation procedure, however, the complete
process is generally conducted or followed up by one and the same analyst. This means that the subjec-
tive possibility measure can be interpreted in a consistent manner throughout the optimisation procedure.
Therefore, the possibility of failure can be used as a quality measure in an optimisation procedure.

Apart from reliability optimisation, an important aspect of designing under uncertainty is to define a robust
design, i.e. , a design whose critical properties have a minor sensitivity to changes in the uncertain influences
like for instance external loading. Also in this context, the fuzzy approach can be of value. By placing fuzzy
membership functions as loading factors on the crucial loading components, the sensitivity of some design
quality indicators to these external influences can be analysed. Using this approach, the robustness of the
design can be assessed by measuring the width of the resulting membership function on the critical design
quality indicators.

Another practical approach of the fuzzy analysis is in the study and choice of tolerances placed on design
dimensions. From the-cut strategy, it is clear that the fuzzy FE analysis is actually a large-scale sensitivity
analysis of the combined effect of the bounds defined on some interval design variables on critical design
properties. By placing membership functions on the design properties subject to tolerances, the effect of
their range on the design behaviour can be analysed. This can be helpful in defining tolerance intervals in
the model. For instance, at a certairflevel, an allowable range could be identified in the fuzzy outcome

of the analysis. The corresponding input intervals at dhlsvel can then be chosen as the set of tolerances
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on the analysed design properties. This procedure is clarified in figure 9, where the design specification is
assumed to be an upper boukidon an eigenfrequency. The analyst can control the analysis by defining the
possibility distributions on the input according to personal preference or practical limitations. A different
possibility distribution for the design variables will yield a different possibility distribution of the analysis
result, and consequently also different tolerances for the design variables. The design based on these alter-
native allowable ranges, however, is equally safe. In this context, again, the possibility distribution is rather

a useful tool to control the allowable range for the uncertainties than an absolute quality measure.

A Hay (z1) tolerance
A (A) o
allowable range
safety margin =
o1 ; X 1
! A Ha (22) tolerance
J
1
1 O] e >
I
1
} >
fuzzy ouput T X
fuzzy input

Figure 9: lllustration of the application of fuzzy concept for design tolerance analysis

4 Conclusion

The emerging non-probabilistic approaches are redefining the landscape for non-deterministic FE analysis.
It is the aim of this paper to give insight into the possible useful applications of these approaches, referring
to the generally accepted and widely adopted probabilistic approach.

It is first shown that a clear distinction can be made between different sorts of non-deterministic properties
in a numerical model. The existing classification of uncertainties and variabilities is further subdivided in
certain variabilities, uncertain variabilities and invariable uncertainties. Based on these different types of
non-determinism, the applicability of the different non-deterministic concepts is analysed. It is concluded
that the probabilistic approach remains the most interesting to tackle problems that are subject to complete
and objective probabilistic influences. However, in the presence of uncertain quantities that require subjective
information in order to be described numerically, the interval and fuzzy approach become increasingly inter-
esting. Especially for uncertainties, the fuzzy concept is very appropriate because of its implicit subjective
nature.

Concerning the numerical implementation of the non-probabilistic analysis procedures, an overview of avail-
able methodologies shows that there are different options for the IFE implementation. The interval arithmetic
approach seems to be the least interesting, because of its high vulnerability to conservatism. The optimisa-
tion and the vertex approach are currently the most applied, although both suffer from specific restrictions
and can become computationally expensive. The hybrid approach is promising, but needs further valida-
tion. Through the use of the-level procedure, the FFE implementation can be directly derived from the
corresponding IFE implementation.

Next, it is shown that in the framework of numerical design analysis, there generally is an evolution of the
type of the non-determinism from uncertainty towards variability. Correspondingly, the non-probabilistic
approaches tend to be most valuable in early design stages, whereas the probabilistic approach remains
indispensable in later stages. This leads to the conclusion that the non-probabilistic approaches should be
regarded as complementary rather than competitive to the probabilistic approach. However, not only the
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class of the non-deterministic properties encountered in the problem definition, but also the intended output
determines to what extend the different non-deterministic approaches are appropriate numerical modelling
tools for the treated problem. Itis discussed how the non-probabilistic approaches can be of value in a typical
design process. From the discussion, it has become clear that the value of the non-probabilistic approaches in
an absolute reliability analysis is rather limited. It is concluded that non-probabilistic approaches will fail to
convince in areas where absolute reliability measures are primordial. However, the application of subjective
probability in this context has the same limitations. Absolute reliability analysis should always be performed

in a frequentist interpretation, based on objectively available data. A small assumption in the probabilistic
description of the input can lead to large misjudgement of the actual reliability of the design. This should
always be kept in mind when applying numerical methods for absolute design reliability predictions.

Still, even limited or subjective information can be put to use in a design process, whenever the objective
of the numerical analysis is a relative quality improvement. It is concluded that for numerical design op-

timisation, there are a number of useful applications for the non-probabilistic approaches. It is shown that
they can be very valuable in robust design optimisation and tolerance analysis. Still, a profound study of
the capabilities of the non-probabilistic approaches for design optimisation of industrially sized problems is
required.
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