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Abstract

Estimation of the modal parameters of mechanical systentsuotuses is usually achieved by applying
the well-known Frequency Response Function (FRF) method to experirdatdabbtained from free
vibration after a shock excitation of the system or forced viraising a variety of excitation signals.
This method is however limited only to linear systems. The pmobdecomes more complex when
nonlinear systems have to be identified. If the nonlinear systénell-behaved', i.e. if it shows periodic
response to a periodic excitation, ‘skeleton’ identificatiomnéues may be used to estimate the modal
parameters, in function of the amplitude and frequency of excitdtiowever, under certain excitation
conditions, chaotic behaviour might occur so that the response igodiperdn that case, chaos
guantification techniques, such as Lyapunov exponent, are proposed iretthieirit. This paper deals
with the application of the aforementioned nonlinear identificatiechniques to an experimental
mechanical system with backlash. It compares and contrasisriHilansforms with Wavelet analysis in
case of skeleton identification showing their possibilitieslamidations. Chaotic response, which appears
under certain excitation conditions and could be used as backlashusigna dealt with both by a
simulation study and by experimental signal analysis after applicateppodpriate filtration techniques.

1 Introduction

Estimation of modal parameters of linear mechanical structarasually carried out by utilizing the
Frequency Response Function (FRF) method using an experimentaisasabls as free vibration with
shock excitation or forced vibration with step or chirp exatatHowever, there is a limitation that only
linear dynamic systems can be tested through these methodevefoome this difficulty, many

researchers [1,2] introduced nonlinear vibration system identificatsedlan the Hilbert transform.

By definition [3], the Hilbert transform is a mathematicalsform that shifts each frequency component
of the instantaneous spectrum 2 without affecting the magnitude. Feldman [5,6] has proposed
methods of FreeVib and ForceVib to identify instantaneous modal pam@smgtatural frequencies,
damping characteristics and their dependencies on a vibrationtuatapand frequency). FreeVib is
suitable for identifying the modal parameters of the sydternee vibration analysis. However, when the
system is well damped, ForceVib is more suitable.

These identification techniques proves to be very simple andtieffe yet it has some limitations.
Ruzzene et al. [8] show that the envelope and instantaneous freagstimaation in Hilbert transform
technique introduce more errors when high damping is prese¢heisystem. An improvement can be
achieved when Wavelet Transform is used instead of the Hillbanisform to approximate the envelope
signal and its instantaneous frequency. Wavelet Transforen time-frequency representation (TFR)
technique, which is developed as an alternative approach to thé B Fourier Transform to
overcome the resolution problem. Staszewski [12] extensivalgrittes this technique in his theoretical
study. However, there are hardly any instances in thetliteraf the application of these techniques to
real systems. This paper presents such a practical djfgplida a mechanical system with a backlash
component.

The aforementioned identification technigue, based on skeleton emias, actually is based on the
classical assumption that the output of a honlinear struigtyperiodic if the input is periodic. Under some
special conditions however, this assumption is no longer validelgamthe case of chaotic behaviour,
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and special technigues need to be developed in order to quantifgehariour. No definition of chaos is
universally accepted, but the general meaning tends to catileyi the strict definition [13]Chaos is
aperiodic long-term behavior in a deterministic system thatbéshisensitive dependence on initial
conditions Sensitive dependence on initial condition means that twectajes starting very close
together will rapidly diverge from each other, and thereafiwe totally different futures. The divergence
(or convergence) of two neighbouring trajectories can be used tofgubatdegree of chaos, namely the
Lyapunov exponentA]. In our case, the Lyapunov Exponent is proposed to be a meclsigiatlre of
the backlash component. Lin et al. [22] show theoretically that uoeeain excitations, a simple
nonlinear mechanical system with backlash might manifesttichaibration. Our paper confirms
experimentally the possible presence of chaotic response in a reahionathgstem and characterises it.

In short, this paper thus applies various nonlinear system idatith techniques to an experimental
mechanical system with backlash and compares and evalhatas $ection 2 presents and discusses
identification techniques using Hilbert and Wavelet transfoforsregular response, and chaotic system
guantification for chaotic response. In this section theoreticappetives will also be presented including
special noise reduction technique for chaotic signal. Sectionc3iloes the experimental system with a
backlash element, applies the aforementioned techniques to amagsgediscusses the results obtained.
Finally, some conclusions are drawn in section 4.

2 Theoretical Basis

2.1 Skeleton Identification

The skeleton technique enables us to identify the ‘instantanema®l parameters, including restoring
force and damping force, for a certain class of nonlinear sgstiimough analysing their free or forced
response by methods such as the ones described in the following.

2.1.1 Hilbert Transform [5,6]

A large number of signals, including vibration of nonlinear systambe converted to an analytic signal
in complex-time and represented in the form of the combination &fl@rer and instantaneous phase
[1,2]:

Y (1) =y (1) + j¥(t) = A &Y (2.1)
where Y(t) is the Hilbert Transform of the real-valued signal y(t),) Y§tan analytic signal in complex-
time function, A(t) andj(t) are an envelope (amplitude) signal and an instantaneous phasevelpecti

We now consider that the forced vibration equation of a single-defffeeedom system could be written
as:

§+2ho(A)y +ay?(A)y =F/m (2.2)
where y is the response signal, F is the forced excitatioalsign is the mass of the systemahdowy, are
symmetrical viscous damping and stiffness characteristiteofystem, respectively, which depend on the
amplitude, A. According to the main properties of non-overlapping rgpetHilbert Transform, Feldman
[6] shows that equation (2.2) can be converted by Hilbert Transform tortymex form:

Y +2hy(A)Y +w,’(A)Y =F/m (2.3)

where Y (t) = A(t) @Y™ is an analytic signal of a solution of the system and F¢heisanalytic signal
of the forced excitation in complex-time form.

Substituting the analytic signal forms of Y(t) and F(t) togethi¢h the two derivatives of Y(t) in equation
(2.3), the representation of the corresponding modal parameters can bd f&riv
a(t A A 2A? A®
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wherew is time derivative of the instantaneous phasehile a andf are the real and imaginary parts of
F(t) _

the ratio—— = a(t) + jp(t), tively.
eraloY(t) (t) + jB(t), respectively

2.1.2 Wavelet Transform

Wavelet analysis is done in a similar way to the Short Thmearier Transform (STFT), in the sense that
the signal is multiplied by a function (i.mother waveletsimilar to the window function in STFT), and
the transform is computed separately for different segmenttheoftime-domain signal. The main
difference between Wavelet Transform and STFT is the widthhefwindow in Wavelet Transform,
which changes as the transform is computed for every sipgietral component. Therefore, Wavelet
analysis allows the use of long time intervals where we wané precise low-frequency information, and
shorter regions where we want high-frequency information.

The Wavelet Transform of real-value signal y(t) is defined kmwe:
1 e -1
wen = [yow s 25)

As seen in the equation above, the transformed signal is adkuraétirandation, T , which corresponds
directly to time,scale/dilation (s), which relates to frequency information indirectly, gt as amother
wavelet.

Different researchers have proposed several families of matdeelet functions. The mother wavelet
function, which will be used in this paper, is the popular function of ComplexeMhvelet [9]:

W(t) = 7, /s e (2.6)

where f is the bandwidth parameter asg= 2rtf. is the centre frequency.

Envelope and Instantaneous Frequency Extraction from Wavelet Transform

Energy density distribution over thetjsscale-translation plane can be represented by the squdre of t
modulus of Wavelet transform. The energy of a signal is maongentrated on that plane around the so-
called ridge of the wavelet transform. This ridge is diyeelated to the instantaneous frequency of the
signal. Tchamitchian et al. [10] formulated the relation of tistaintaneous frequency and the ridge as

follows:
0
S:—q)C( ) (2.7)
o(v)
While assuming that the envelope A(t) of equation (2.1) is slowlgying, Carmona et al. [11]
approximate the modulus of Morlet-Wavelet transform for any gsignal with slow varying envelope
as:

1

Vs

Thus, from equation (2.7), the instantaneous frequency of the aabsglation can be obtained from the

ridge extraction of Wavelet transform. Once the ridge and imstaotis frequencies are known, the
envelope of the signal y(t) can be recovered following equation, gh8l)some modal parameters can be
reconstructed following the same concept as in the Hilbert technique.

WD) = =AY () (2.8)
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2.2  Detecting and Quantifying Chaos

Based on a unique property of chaotic behavior that two trajectsidetsng very close together will
rapidly diverge from each other, the divergence (or convergafide)o neighboring trajectories can be
used as chaos quantification measure, calletlyapunov Exponergh).

For a system whose equations of motion are explicitly known, evaluating Lyapunov Expaméetdone
in a straightforward way by observing the separation of tweedlugal trajectories on the attractor. But
unfortunately this method cannot be applied directly to experimdata for the reason that we are not
always dealing with two (or more) sets of experimental datt have closed initial condition.
Reconstructing phase space from the time series with appeofine delay and embedding dimension
makes it possible to obtain an attractor whose Lyapunov speddridentical to that of the original
attractor. Mathematically, the reconstructed phase space can bbeatkasrfollows [14,15]:

Y(K)=[S(K), S(k47), S(k+2r), ..., S(k+(d-1)] (2.9)
whereS(k)is the time series from a single observatiorepresents appropriate time delay for phase space
reconstruction, and is a proper embedding dimension for phase space reconstruction

Now, if we choose two points in the reconstructed phase space wémporal separation in the original
time series is at least one ‘orbital period’, they magdmasidered as different trajectories on the attractor.
Hence, the next step in determining the largest Lyapunov exponetiitefdime series is searching the
nearest neighbor of certain points, in term of Euclidean distamhi&Eh are considered as fiducial
trajectories.

In reconstructing the phase space of equation (2.9), we must makinathe points in each dimension
(coordinate) are independent each other. Therefore, timenagt be chosen so as to result in points that
are not correlated to previously generated points. Time lag seleesis done by utilizingwverage Mutual
Information (AMI) technique [19]. Analogically, the time delay may be ¢desed as the time at which
the auto-correlation function attains zero. However, the auto-ciorelfunction measures rather the
linear dependence between successive points.

The next following step is to recover the adequate number of comslihaf the phase space. The idea of
number of coordinatedl is a dimension in which the geometrical structure of the pkpsee is
completely unfolded. The most popular method for determining the enmgeddimension in
reconstructed phase-spac&se Nearest Neighbanethod [20]. Suppose the vecydt(k) in dimension

d is a false neighbor of y(k), having arrived in its neighborhood bjegtion from a higher dimension,
because the present dimenstbdoes not unfold the attractor, then by going to the next dimedsibn
we may move this false neighbor out of the neighborhoggkyf

Similar to the idea of False Nearest Neighbor, Cao [17] proposed tmevalea of a(i):
N-dr

E(d) = &~ Z a(i,d) ; where &,d) = Ry (K) / R(K) (2.10)

whereRy(K) is the Euclidean distance between the vegiorto its neigbor in dimensiot
To investigate variation of Hf fromd to d+1, Cao also defined: Ed)= E(d+1)/E(d) (2.11)

E1(d) stops changing whed is greater than some particular vallyeif the time series comes from an
attractor, and its embedding dimensiodsl.

2.2.1 Noise Reduction on Chaotic Signals

We shall see in section 3 that noise reduction is importanadourate estimation of the embedding
dimension. Noise reduction techniques are closely related twitime prediction theory. For prediction
we have no information about the quantity to be forecast otheittlegoreceding measurement, while for
noise reduction we have a noisy measurement to start with ahdwsethe future values. Hence we aim
to replace the noisy measurement with a set of ‘predictidures’ containing errors, which are on average
less than the initial amplitude of the noise.
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Suppose the time evolution of our observation is following a datestiaci mapping functiorF: Xp+1 =
F(Xn), which is not known to us. But however, our measurement(gitare contaminated by noise:

S =Xn + Ih (2.12)
wherer, is random noise with no correlation with signal x

The noise reduction scheme is implemented as follows [20]; Binsembedding dimension has to be
chosen by using any method, such as False Nearest Neighborthisimjormation, we can construct an
m-dimensional measurement sigfgl}. Then for each embedding vectsy}, a neighborhoodU .} is
formed and we may determine those which are closg et us say they afs,’} .

For each embedding vect{s,} a corrected middle coordinase, is computed by averaging over the
neighbourhood. The reason for using the middle coordinate in tiaigatiuction method is related to the
fact that the middle coordinate is assumed to be the most stabtediie@ chaotic trajectory.

2.2.2 Theoretical Consideration and Simulation of Chaotic Response

A simple system, as shown in Figure 1, comprising a backlasigsp found to be chaotic under certain
excitation conditions. Table 1 gives two sets of system’snpeters pertaining to chaotic behaviour, for
certain excitation force specifications, whends the mass of the systel,andk, are stiffnesseg; is a
damping coefficient, ankh the backlash (or play) size.

B L]

] a K

] I 1] m ki ko Cc Xo
LW m kg) | (N'm) | (NIm) | (Ns/m) | (m)

3 T CASEL1| 1 0 | 40000 8 0.005
N A CASE2 | 1 | 1000| 31000 8 0.00%
R

_ ] ) Table 1. Parameter setsof vibration system
Figure 1. Nonlinear M echanical System

with Backlash component

It has been found that there exist certain sinusoidal excitatioad for CASE 1, witlA =|F| = 100 N and

for CASE 2 withA = 240 N, both atv=40 rad/s, which cause the response to behave chaotically [22]. In
order to examine the influence of each parameter on the natwesulting response, dimensional is used
to normalise the variables and reduce the number of parametersii®yning variables in dimensionless
groups, one may gain more insight in the problem.

Thus, introducing new variables of time and displacementa,t andp = x/x,, wherewy,” =k, /m,
we may write the dynamics equation for CASE:1<0) as follows:

MG, > X gP"+Cwy X g +Ko X o F () = A cost (2.13)
where the primes indicate differentiation with respect smdF is the backlash spring function. This
equation reduces to:

p"+2Zp+F (p) = o coswt (2.14)

c A
where2{ = ——— anda =

To see how chaotic motion evolves when the forcing amplitude desréar the backlash size increases),
the relation between largest Lyapunov Exponential and the paraméfertafs been generated for CASE
1 and is presented in Figure 2. Figure 3 shows bifurcation diagr&@ASE 1, for Z= 0.04, providing
similar representation to Figure 2.

. That is to say that the problem is characterised by two parameters.
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Bifurcation Diagram of CASE 1
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Figure 2. Largest Lyapunov Exponent vs /o Figure 3. Bifurcation diagram of CASE 1

3 EXPERIMENTAL STUDY

3.1 Skeleton Identification

Experiment was conducted on the outer (second) link of a two-lickanésm as shown in Figure 4 and
Figure 5. The aim of this experiment is to identify the batkkige of the second link joint. For this
purpose, certain degree of backlash (approximatefy Was introduced in the joint of this link. The first
link was kept fix while the second one was made to oscillade @eertain range. This link was driven by
a servomotor through a toothed belt and a harmonic drive.

Lk #2 —]
Link #1
g) % Hammonic:
drive Harmumc Drlve
Figure 4. Schematic drawing of a two-link I‘
mechanism

Figure5. Setup of two-link mechanism

The vibration responses were measured with two rotary encodesseRcoder measured the angular
motion input to the harmonic drive, and the second one measured thesreatilation between first link
and second link. Therefore, the first encoder might be consideredaguraeexcitation input of base
motion systenm displacement form, while the second encoder measured the respdnsdase motion
system.
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|—)x |—)3r

Figure 6. Base Motion System

Figure 7. Force balance diagram of link #2

In the case of base motion system (Figure 6), where theatowitinput is taken in the form of
displacement, we need a little mathematical manipulatioroliee ghe problem formulated in equation
(2.2). The differential equation of displacement equation form for thisgmroban be written as:

§+2ho(A)y +0y” (A)y =2ho (A)X + 0y (A)x (3.1)
where: x = displacement input.
If we introduce z as a relative motion between x and y (z = y-x), we maye@guation (3.1) as:
7+2hy(A)Z +w,” (A)z = —X (3.2)
Taking -X as input in equation (2.2), we can obviously identify the modal parameters pétdwn s

Schematic force balance of link #2 of the two-link systemhlmseen in Figure 7. The link is supported
by a nonlinear backlash rotational spring and damper of it& jbhe support of this link has a specified
rotational motion ofg which is referred to a displacement input and measured byirgiheeficoder.
Angular motion of link #2 is represented 8y

The nonlinear differential equation of motion of the system shiowifigure 7 can be obtained easily.
Referring to equation (3.1), and simplifying notations of §and x =¢ we get:

§+2ho(A)Y +{w,” (A) = Gy = 2hg (A)X + @y * (A)X (3.3)
where C=mgL /Jis an additional stiffness due to the link weight, m is mastheflink, L is the
coordinate of the centre of gravity of the link, and J equals the linkéseant of inertia about its joint.

In the notation of equation (3.2), equation (3.3) can be rewritten as:

7+2hy(A)z+w,*(A)z=-%+Cy, (2=y-X) (3.4)

If we refer to the transformation from displacement equatmrtomplex-analytic signal form from
reference [5], by analogy we can transform equation (3.4) into complexiarsigynal form:

Z+2hy(A)Z+w,>(A)Z=-X +CY (3.5)

3.1.1 Signal analysis

The experiments were taken by exerting linear chirp signdletonotor. Initial frequency of this signal is
0 Hz. The frequency continues to change at constant rate, and it reaches BD ldeg.

The oscillation response measured by encoder #1, which latdyengthnsidered as displacement input of
second link, is depicted in Figure 8. Relative motion between second atidKicstn be seen in Figure 9.

Relative motion between responses measured by both encodersjmbguation (3.5) was represented
by z, can be seen in Figure 10. It is clearly seen from thatfithat the relative motion is higher than the
backlash size in the joint. In the figure, the dash lines reptesze of the backlash. At time 16.25 sec,
which corresponds approximately to 6.5 Hz of excitation frequency, the relaiti@rof the link falls far
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below the size of backlash. This occurs due to insufficient ersdrgycitation. Such problem might cause
unsatisfactory skeleton curve reconstruction, which is essentiadal parameter identification.

Input side displacement (encoder input)
1.5 T T T T T

o
o

J n il M‘ H “‘ ‘h U ‘H H\ il \‘ A A
1 ([N ” I UH L N

Input (degree)
o

'
o
o

0 5 10 15 20 25 30
time (second)

Figure 8. Oscillation measur ed by encoder #1

Output side displacement (encoder output)

Output (degree)

0 5 10 15 20 25 30
time (second)

Figure 9. Oscillation measured by encoder #2

Relative displacement between two links (z)

15

Relative displacement (degree)

215 1 1 1 1 1

time (second)

Figure 10. Relative motion between both links (2)
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Frequency Response Function

Magnitude (rad/Nm)

frequency (rad/sec)

Figure 11. Frequency Response Function of two-link mechanism

In order to check the validity of these identification technigties system has been modaly identified at
the edge of backlash. Figure 11 shows the Frequency Response Funttiersystem obtained through
shock excitation using impact hammer. The link was preloaded ading stiffness spring to eliminate
nonlinearity due to the backlash; hence the link was resting onfdhe edges of the backlash. It can be
seen from the figure, that the natural frequency of themsyistapproximately 11 Hz, while from the mass
line we can estimate the moment of inertia of the link taapproximately equal to 3.16 kgm{The
estimation of moment of inertia based on its geometric calculat84skgni.)

3.1.2 Modification in nonlinear modal parameters calculation

Some obvious modifications of nonlinear modal parameter estimatacedures in equations (2.4) have
to be made in order to conform to the base motion case, senaeeawdealing with displacement input and
displacement output in the system.

The displacement input x(t), in complex-analytic form appearing in equation&rblpe written as:
X(t) =x(t) +jx(t) = B(t) Lexp[j, (1)]

The two derivatives of X(t) are then:
X (1) = X(O[BO)/B(1) + jeo, (1)
X(1) = XO[BO)/B(t) - w? (1) +2]B(D)0, (1)/B() + oo, (1)

Substituting all of analytic signals and their derivatives in equd8.5) we can get:

Z —cu2+cu§+2h0é j éu)+c1)+2h0m =
A A
B ,[A, .H,B :
—X%g—%%j%—wx+wX%+CY
C B

(3.6)
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Using the same procedures in equations (2.4) by solving two equiitanghe real and imaginary parts
of equation (3.6), we can obtain the expression for instantaneous paodaleter as functions of first and
second derivatives of signal envelopes and instantaneous rfoéegi®f input and output displacement
signal.

After identification, the restoring force, which illustratihe nonlinear spring characteristic of the system,
and the damping force can be obtained based on the relations:

fo(A) = ATe5(A) (3.7)
fy(A) =2h,(A) A (3.8)

3.1.3 Identification Result

Envelope and instantaneous frequency calculation of both inpuh@xjetative output signal (z) can be
seen in Figure 12 and Figure 13, respectively. In the left sidmtbf figures, we can see the envelope
estimation of displacement input and displacement output. Thedigen dashed lines represent the
envelope estimation based on Hilbert transform technique withoufilxation. The filtered HT curves
represent the same technique after low-pass filtration of 06f5¢ half sample rate (100% correspond to
half the sample rate), while WT curves represent that of Wialzedasform technique.

Envelope Estimation Instantaneous Freguency Estimation

15 T T T T T 15 T
' ' HT technigue ---- HT technigue [
— Filtered HT technigue —— Wavelet technique | 1
—— WWavelet technigue ' ' Lo
10
o =
= o
= 5
£ A N
< [
0
0 i i i I i e i i I
] 5 10 15 20 25 30 0 5 10 15 20 25 30

time (s) time (s}

Figure 12. Envelope and instantaneous frequency of input signal

Envelope Estimation Instantaneous Freguency Estimation

0.0z T T T T T T T T
HT technigue : : :
(AR = g g — Filterad HT technigue |4
i ! — ‘Wavelst technigue
D_D'IB_._..._....'_..._.. ..:...... = ‘ ......... [ — i ..........
0014 F---- I o .................. A L _________
0.012 F--4- SO i SU [ [
@ i : i i =
z : ' : : &
= I A s I | 1 b 3
EL 0.01 v ug)
L [
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0.008 k4 T / i

0.006 F---4- _..i._.______4:_________4:__._ e

il
yit-

0004 boo-d-Eee E"""""é""""'“j _______ T LA

0.002 F------- GG ALSOEREELREELR L P bazzcoeee]
H H 1 H ' W

] 5 10 15 20 25 30 ~n g 10 15 20 28 30
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Figure 13. Envelope and instantaneous frequency of output signal
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From these two figures, we can see that Wavelet anaigs an improvement in estimation envelope
and instantaneous frequency at several points. The most sighifiggrovement is in the envelope and
instantaneous frequency estimation of displacement output apptekiraéier the first 17 seconds. If we
refer back to Figure 10, it is clearly seen that the respisnskifted after 17 seconds. This might have
happened because at the corresponding time, the level of disptaéepe has fallen below the backlash
size in the system. Hilbert Transform technique cannot asgirthe envelope and also instantaneous
frequency of a signal with certain offset. This is another advantagaedlet analysis.

At approximately time 16-17 seconds; we can see a signifiestitnation error in instantaneous
frequency. In this instance, the estimation cannot be made iretfian, since the frequency content of
vibration response in this instance corresponds to the resomaquericy of the system (refer to Figure 8
and Figure 9).

Restoring Force
The restoring force as function of displacement can be deriu&ingt equation (2.4a). The plot of this

restoring force can be seen in Figure 14. In the left side eird-i)4, we can see the restoring force
estimation based on Hilbert transform technique with low-fi¢tsation of 1% and 0.5% of half of its
sample rate, respectively. In the right figure, we see #ténation based on Wavelet analysis.
Approximately, the size of backlash obtained from both techniquelse to the real backlash size
introduced in the system. From the figures, by applying regression on the recedstestring force, we
get the backlash size of 0.0258 rad (=1 v&h standard deviation of error below 1.5%), where the real
backlash size is approximately 4ffom manual measurement.

Festoring Force [Hilbet) Resoring Force MWavelet)

n 20

o 0.1 % ilter J

15 Fom 05 % dtter : . 1Hr : j
1} : 10} :
B 5 5 K‘
Pk}
E 1 1
2 0f-------- (ry ------------------------ l:'lr --------- Op------- f ----------------------- lf --------
gl ¥ 1 i 1
;g -6 : 5 J) :
] 10t f

15 ' 15 ; '

20 1 1 1 | ! ! ! 20 1 i 1

W0z 00is 0.0 D005 00 0005 001 0015 D.O0% -0.0% .00 i 0.01 0oz

displacement (rad) displacement (rad)

Figure 14. Stiffness for ce estimation based on Hilbert and Wavelet transform

Referring to equation (2.4a), the slope of the restoring fanceedn Figure 14 actually represents the
modal stiffness of the system. After multiply the slope mant of inertia of the second link, we can
obtain the estimated stiffness value of the system. Moddheds parameter obtained by applying
regression to the result approximately is 11000 Nm/rad.

The discontinuity appearing in the figures is due to the respomesonance region as mentioned before.
Hence, we cannot obtain the stiffness force estimation in the corresgaadion.

3.2 Chaotic behaviour in mechanical system with backlash

So far, identification techniques of structural nonlinearityselsh on envelope and instantaneous
frequencies of vibration response have been discussed in somie Iflaéta skeleton of a nonlinear
structure is measured in the way, which has been discusseé preavious sections then, in case of
geometric nonlinearity, the structural nonlinearity can leated, quantified and identified. However, for
some nonlinear systems, under certain excitation regimes, non-pagsgionse for periodic input (i.e.
chaotic response) may arise. Skeleton analysis, which eyargsed on the assumption of periodic input
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periodic output, becomes then inadequate. In order to analyse the systdhwse regimes, the
development of more analysis techniques becomes necessary.

Lin [22] shows theoretically that under certain conditions andtatians, a simple mechanical system
with backlash might lead to chaotic vibration. Both simulations apdramentals results presented in this
paper confirm this fact.

Under large amplitude excitation periodic force, it is found that link system shows non-periodic
behaviour as can be observed from Figure 15. For this case,steensyas excited by periodic motion
with 1.54 Hz fundamental frequency and amplitude of2.68

Dutput response

2 10.4

14 1 78
1 152 =
g e
= - . . . 3 o
g 0a ",I "\\ r'\l B - : \', A “, “L 1 25 %
- \ : =
2 2
= U - 1 0 =2
= @
[ia] o . L] . . L . - =
§ _DS L il s [ s . - o -] _26 g_
S £
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-2 , ' . : -10.4
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Figure 15. Output response at 1.54 Hz and 2.68° input excitation

To see how chaotic-motion changes when the forcing amplitudeagsg®r the backlash size decreases
(as implied bya in dimensional analysis), the corresponding system was excitddfeésent excitation
levels ranging from 1.340 5.73, where it was observed that chaotic response persisted.

In this case, again, the displacement measured by encoder#l was rednaglexcitation. Figure 16
shows the phase plots of output responses with certain timg (d&14), which is determined using the
Average Mutual Informatiomethod [19]. The figures show the evolution of the phase plots wken
gradually increase the excitation levels. In particulayrbétion behaviour is observed with respect to the
excitation level. Note that from perspective of dimensionalyaisa the change in excitation level is
correlated with the backlash size. shows the chaos quamtificaf Lyapunov exponents, which are
obtained after phase space reconstruction as described sadextion 2.2, for corresponding results in
Figure 16, starting from the lowest excitation level to the highestatraplg.

Exc. Level 1.34 2.07 2.68 3.47
Largest Lyap.

(bit/time) 0 0 1.423 1.322

Exc. Level 3.65 3.78 487 573

Largest Lyap.

(bit/time) 1533 1.802 0 0

Table 2. Chaotic quantification results of series excitation



NON-LINEARITIES: IDENTIFICATION AND MODELLING 2207

K ma [degree)
(o)
€
(o)
(o)
(o)

2 2 2 2
4 4 s 4 4
5 0 5 5 0 5 5 0 5 5 0 5
4 4 4 4
—_ 2 2 2 2
(1]
[T}
2
T 0 0 0 0
x
2 2 2 2
4 s 4 s 4 s 4 s
5 0 5 5 0 5 5 0 5 5 0 5

Xy [degres)

Figure 16. Phase plots of output responseswith 174 discr ete unit time delay of corresponding
mechanical system with excitation frequency of 1.54 Hz and amplitude level respectively from left to
right and top to bottom: 1.34°% 2.07°% 2.68°% 3.41°% 3.65° 3.78°% 4.87° 5.73°.

Noise Reduction Process

Noise reduction step plays an important role in estimatingdigest Lyapunov exponent to quantify
chaotic behaviour. The major problem in estimating largeapugov exponent of ‘noisy’ signal concerns
to the minimum embedding dimension required to completely unfold the noisyatwhthe signal.

Figure 17 shows the result of simple noise reduction method ptiotgsponse when the system was
excited using 3.£lexcitation level, compared to the un-cleaned one. One may setheh@mbjectory
appears smoother after noise reduction. Verification and quatitiin of the noise reduction performance
can be done on the basis of the correlation integral [20]. Forcase, since the noise level is not
significantly high, this verification will not be discussed in this paper.

Moisy Output response Cleaned Output response

-2 -1 I5 1| fDIS DI D_|5 1| 15 -2 -1.58 -1 05 u] 0.5 1 1.5
% (degree) X (degree)

Figure 17. Cleaned signal compar ed to the noisy one
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In Figure 18, we can see the plot of the Cao’s number E1 versus its embeddingatitheRisé solid line
represents E1 for original noisy signal, while the dashripeesents E1 for the signal when its noise has
been reduced.

Similar to the method of False Nearest Neighborhood, the miniemabedding dimension of any chaotic
signal can be concluded by observing the evolution Cao’s numbér Ed dimension. Cao’s number
E1(d) will stop changing when the dimensidiis greater than the minimum embedding dimendion

Minimum embedding dimension using Cao’s method
1F T T T T T T P — —

09 AR

0.8} // /

07}

E1(d)

0.6 /1
05F i

041 /

0.3r /

1 2 3 4 5 6 7 8 9 10
Dimension (d)

Figure 18. Minimum embedding dimension of noisy and cleaned signals

From Figure 18, we can see that the noisy signal needs a higher dimension to urtfodatits aompared
to its cleaned counterpart. The noisy one takes a minimum afbedding dimensions to completely
unfold its attractor, while the cleaned one needs only 4.

4 Conclusion

Nonlinear modal parameters estimation technique based on Hilbert anteiWWaresform are shown to be
a good approximation of the true modal parameters characteristith tBe backlash size and the
stiffness can be estimated satisfactorily.

An improvement of nonlinear modal parameters estimation by intnegludlavelet analysis has been
achieved owing to several advantages offered by Wavelet pepewlavelet transform is capable of
analysing envelope and instantaneous frequency of a shifted sigthahe results have less-wiggles
compared to those of Hilbert transform. However, there are shgbacks in the Wavelet based
technique. It needs not only a large amount of computation memoitg foalculation process, since it
deals with time-frequency domain, but also a long processing time.

A major difficulty in utilising the methods introduced in this papancern the level of displacement input
applied to the system. This displacement input should have an agldeuelt to ensure covering the
backlash size. Due to the limitation of energy of excitatibis, might become a problem, especially at
high frequency. Limited level of displacement input will yield only a paréebnstruction of the restoring
force characteristics.

Finally, under certain excitation conditions, there may exist sseparate regions for which chaotic
vibrations could occur. The transition to and from those regiomaiked by bifurcation points. We have
shown that, for this case, it would be possible to quantify tlegluyov exponent, for each amplitude of
excitation. Correlating the Lyapunov exponent vaitle A/koXo could, in principle, yield the backlash size.
Hence, although quite difficult to perform in practice, chaos queatiibn could be used as a quantitative
mechanical signature of a backlash component.
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