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Abstract
Within the framework of the tracking problem on an automotive vibration test rig, a new control strategy is
developed which is applicable to square multiple-input-multiple-output systems (MIMO-systems) with a certain
degree of symmetry. Classical MIMO-controller design is a three step procedure: response measurement,
MIMO-identification and MIMO-controller design. The latter two steps are often very cumbersome. In this
paper, a new procedure is proposed which avoids these steps. It consists of the following steps: response
measurement, almost decoupling of the MIMO-system into multiple single-input-single-output systems (SISO-
systems) by transformations of the inputs and the outputs, SISO-identification of the decoupled systems, and
multiple SISO-controller design. The great advantage of the decoupled model, is that it allows the use of well-
understood, robust SISO-controller design methods. This paper shows that the automotive vibration test rig can
be described with a decoupled model, at least as accurate as with a full MIMO-model.

1 Introduction

During the design of a new car, vibration tests on a
hydraulic test rig (four poster) are important to adjust
comfort and durability properties of the new proto-
type. An example of such a test rig is shown in fig-
ure 1. To make the vibration tests representative for
the further life-time of the vehicle, reference signals
(accelerations or forces) are measured during a test
drive on a special test track. These reference signals
(called targets) are reproduced on the test rig.

Figure 1: Vibration test rig.

The calculation of the control signals, for the hy-
draulic actuators of the vibration test rig, such that
the measured signals on the test rig match the tar-
get signals, is a multivariable tracking problem. Cur-

rent industry practice to solve this multivariable track-
ing problem is to use an off-line iterative process [1].
In [2] it is shown that, extending the current process
with a high-performance multivariable feedback con-
troller, allows to reduce the number of iterations sig-
nificantly. The higher the performance of the feed-
back controller, the stronger the reduction in number
of iterations.

Mostly, the measured target signals are the accel-
erations of the chassis near the suspension of each
wheel. So, from a controller point of view, the four
poster can be seen as a system with four inputs (the
control signals to the hydraulic actuators of the test
setup) and four outputs (the measured accelerations).

The design of a multivariable feedback controller
suffers from two major problems. The first one is
the identification step. The estimation of an accurate
state-space model, which matches well with the mea-
sured response, is very difficult. This paper consid-
ers frequency domain identification, using the mea-
sured FRF matrix of the system. Finding the opti-
mal multiple-input-multiple-output (MIMO) model,
based on the measured FRF, is still an important re-
search topic ([3], [4]).

The second problem is the controller design. Most
robust control techniques are well-suited for SISO-
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problems, but are, in practice, hardly usable for
MIMO-systems. Especially, modern control methods
which can deal with nonlinearities and uncertainties
(e.g. Sliding Mode Control), are hardly applicable
for MIMO-systems. The four poster and the car form
a highly nonlinear system. Particularly in durabil-
ity tests, when high excitation levels are applied to
the car, the suspension behaves extremely nonlinear.
The use of robust SISO-control methods to control the
MIMO-system would be a great advantage.

The control design procedure proposed in this pa-
per tackles both problems. In fact, the proposed pro-
cedure is a new identification procedure, which tries
to write the MIMO-system as a combination ofp
SISO-systems (withp the number of inputs). The
described method tries to find the optimal transfor-
mation (with constant, frequency independent trans-
formation matrices) of inputs and outputs, in such a
way that the relation between the transformed inputs
and outputs is decoupled. This means that every in-
put affects only one output. The multivariable con-
troller can then be designed as a combination of ro-
bust SISO-controllers between the transformed inputs
and outputs.

The present-day state-of-the-art controller for vi-
bration test rigs [5], consists ofp independent SISO-
controllers, without using a decoupling transforma-
tion. In the control design, the influences of other
inputs are seen as disturbances which have to be re-
jected. The decoupling transformation gives the pos-
sibility to introduce the interaction of the MIMO-
system in the control design, without losing the ad-
vantage of designing SISO-controllers.

The paper is organized as follows: the next sec-
tion starts with a clear description of the decoupling
control design procedure. Methods to validate the ac-
curacy of the decoupling transformation are described
in the remainder of that section. The first part of the
calculation of the transformation matrices is based on
Dyadic Transfer function Matrices (DTM), which are
described in section 3.1. The DTM-method, which is
based on a MIMO-model of the system, and which is
only suitable for a very small set of highly symmet-
rical systems, is adapted for use in this application in
section 3.2. Section 4 discusses the practical proce-
dure to calculate the transformation matrices. This is
in fact an optimization procedure, so an initial esti-
mate (section 4.1) and a minimization cost function
(section 4.2) are required. Then the proposed method
is applied to two examples: a Simulink-model of a
full car, and a measured FRF of a real four poster.

2 Outline of the proposed control
design procedure

2.1 Description of the problem

Throughout this paper the following nomenclature is
used: G̃(f) is the measured MIMO-FRF matrix at
the frequencyf , G(s) is a full MIMO-model of the
system,TY and TU are the transformation matri-
ces of the outputs (y) and the inputs (u) and D̃(f)
is the transformation of the measured FRF (D̃(f) =
T−1

Y G̃(f)T−1
U ). D̃d(f) is defined asdiag{D̃ii(f)}

(diag{. . .} denotes the diagonal matrix consisting of
the elements between braces). When the decoupling
is perfect, the off-diagonal elements ofD̃(f) are zero,
and soD̃(f) would be equal tõDd(f). In reality de-
coupling is seldom perfect, and in that caseD̃d(f)
is an approximation of̃D(f). Finally, Dd(s) is a
diagonal MIMO-model consisting ofp independent
SISO-models:Dd(s) = diag

{
dd1(s), . . . , ddp(s)

}
.

So G(s) is the result of a MIMO-identification of
G̃(f), andDd(s) is the result ofp independent SISO-
identifications of the diagonal elements ofD̃d(f).

The goal of the decoupling transformation is to
find an accurate description of the system in the fol-
lowing form:

Y = TYDd(s)TUU. (1)

The relation between the transformed inputsU′ =
TUU and the transformed outputsY′ = T−1

Y Y is
decoupled because:

Y′ = Dd(s)U′ = diag
{
dd1(s), . . . , ddp(s)

}
U′.

(2)
Each transformed input affects only one transformed
output. So the MIMO-controller can be designed as
p SISO-controllers between these transformed inputs
and outputs. Figure 2 shows the proposed control
scheme. The SISO-controllerski(s) are based on the
SISO-systemsddi

(s). Notice that also the target sig-
nalsr, must be transformed by the output transforma-
tion matrixTY.

The calculation of the transformation matrices in
section 4 is based on the measured FRF. So, no
MIMO-identification must be performed. Once the
transformation matrices are determined, the diago-
nalized FRF (̃Dd(f)) can be calculated at every fre-
quency where the original FRF is measured. The
next step is to identify the diagonal elements of
D̃d(f). This step consist ofp SISO-identification
procedures. Remark that in practical situationsp
SISO-identifications take less time than onep × p
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Figure 2: Proposed control scheme: decoupling trans-
formation of inputs and outputs, andp independent
SISO-controllers.

MIMO-identification. Based on these identified mod-
els,p SISO-controllers can be designed between the
transformed inputs and transformed outputs.

2.2 Validation of the results

A first way to check the quality of the decoupling
transformation, is to calculate the interaction which
remains in the diagonalized system. In [6] some
interaction indicators are explained. The easiest-
to-use interaction indicator is the so-calledinterac-
tion index λ(f). The interaction indexof a ma-
trix Z ∈ Cp×p is defined as the maximum eigen-
value (the Perron root) of the matrixC+D−1

+ where
D+ = diag{|z11| , |z22| , ..., |zpp|} andC+ the ma-
trix of the absolute value of the off-diagonal elements.

If the interaction index is less than one, the
MIMO-system is calledgeneralized row diagonal
dominant. This means that one output is mainly deter-
mined by its corresponding input, and the influence of
the other inputs is rather small. More formally stated:
A matrixZ ∈ Cp×p is generalized row diagonal dom-
inant if there exists anx ∈ Rp, x > 0 such that:

|zii|xi >

p∑
j=1, j 6=i

|zij |xj for i = 1, 2, . . . , p. (3)

As mentioned before, the transformation matri-
ces will be calculated based on the measured FRF.
The decoupling will be sufficient at those frequencies
where the interaction index of̃D(f) is less than one.
This decoupled FRF can be controlled within this fre-
quency band, by independent SISO-controllers which
are based on identified models of the diagonal ele-
ments of the decoupled FRF.

A second way to check the quality of the decou-
pling transformation, is based on the goal of the de-
coupling transformation, namely to find the optimal
description of the MIMO-system in the form of equa-
tion (1). A comparison of the measured FRF and

TYDd(s)TU gives a good idea of the decoupling
quality.

When discussing the results in section 5, the cor-
respondence ofTYDd(s)TU and the measured FRF
is compared with the correspondence of a MIMO-
identified modelG(s) and the measured FRF. In prac-
tice, no MIMO-model is available. As mentioned be-
fore, it can be cumbersome to identify one. But in
this paper, the effort to identify a MIMO-model is
made, because this results in an easy quality check
of the decoupling transformation. When the decou-
pled description fits as well as an optimal MIMO-
model with the measured FRF, the decoupling has
succeeded. This means that the MIMO-controller
can be designed asp independent SISO-controllers
based on a model with the same accuracy as a clas-
sical MIMO-model. So, the advantages of robust,
well-understood SISO-control can be fully applied to
MIMO-systems. In practice, the decoupled descrip-
tion can be compared with the measured FRF, in the
same way as a MIMO-model and the measured FRF
are compared in a classical frequency domain identi-
fication procedure.

It is clear that both ways to check the quality of
decoupling boil down to the same. When the interac-
tion index is small, the off-diagonal elements ofD̃(f)
will be small, and so the errors which are made, when
D̃(f) is approximated by the identification of its di-
agonal elements inDd(s), will be small too. This will
be shown in section 5. The second way to check the
quality of the decoupling transformation is not only a
more natural way to think about decoupling within the
framework of this paper, but the comparison with the
MIMO-model gives also a satisfaction-level to decide
if the decoupling is well enough.

So the goal of the decoupling transformation is to
find an accurate description of the system in the form
of equation (1), and this goal is reached if this decou-
pled description describes the system at least as accu-
rate as an optimal MIMO-identified modelG(s).

3 Decoupling based on DTM

3.1 Dyadic Transfer function Matrices

Reducing MIMO-controller design to some SISO-
designs is often advantageous. Therefore, many
methods have been developed to apply SISO-designs
to MIMO-plants. A first class of methods tries to
obtain decoupling via high-gain feedback ([7], [6]).
Those methods suffer from two major problems. First
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of all it is very difficult to find high gain feedback con-
trollers which decouple the system and don’t destabi-
lize the system. Secondly these controllers are based
on a MIMO-model of the system. One of the advan-
tages of the decoupling proposed in this paper is that
difficult MIMO-identification is no longer necessary.

The easiest-to-use class of decoupling methods
is based on matrix-decompositions. MacFarlane [8]
introduces in 1970 the so-calledcommutative con-
troller, based on an eigenvalue decomposition. In
1982 Hung [9] launched a controller based on the
singular value decomposition. The decomposition as
proposed in equation (1), puts no constraints on the
transformation matricesTU andTY, except that they
must be invertible to be used in the control scheme
of figure 2. If eigenvalue or singular value decom-
positions are used, some constraints are inherent in
the used method: in the eigenvalue decomposition the
left and right transformation matrices are the inverse
of each other, in the singular value decomposition the
left and right transformation matrices are unitary ma-
trices.

A general decoupling transformation is described
in the theory of theDyadic Transfer function Matri-
ces(DTM). A p × p transfer function matrixG(s)
is called dyadic if there exist constantp × p ma-
trices TU and TY and rational transfer functions
g1(s), . . . , gp(s) such that:

G(s) = TYdiag {g1(s), . . . , gp(s)}TU. (4)

Owens [10] developed a procedure to determine
transformation matricesTY andTU, which decou-
ple the systemG(s) if it is dyadic. First two differ-
ent constantsc1 and c2 must be chosen. Then the
columns ofTY can be calculated as the eigenvec-
tors ofG(c2)G−1(c1) and the columns ofT−1

U as the
eigenvectors ofG−1(c1)G(c2).

If a system is dyadic, the transformation matrices
found with the described procedure are real and con-
stant. If the transformation found with this procedure
is not real, the system is not dyadic. In that case,
the transformation matrices don’t decouple the sys-
tem perfectly. The choice of the constantsc1 andc2

is completely free as long asG−1(c1) andG−1(c2)
exist. A natural way of choosing them, is choosing
two frequenciesf1 andf2 yielding c1 = j2πf1 and
c2 = j2πf2.

The fact that a dyadic system can be decoupled by
the matrices defined in the procedure of Owens can
easily be understood, because then the following two

equations hold:

G(c1) = TYdiag {g1(c1), . . . , gp(c1)}TU, (5)

and

G(c2) = TYdiag {g1(c2), . . . , gp(c2)}TU. (6)

Now it is easy to calculate the following equation:

G(c2)G−1(c1)TY =

TYdiag
{

g1(c2)
g1(c1) , . . . ,

gp(c2)
gp(c1)

}
,

(7)

which shows thatTY is found as the eigenvector of
G(c2)G−1(c1). In the same way, it can be shown
that the eigenvectors ofG−1(c1)G(c2) determine the
transformation matrix of the inputsT−1

U .
In [11] it is shown that for a system which is

dyadic, a feedback controller, as in figure 2, is in-
ternally stable if and only if, all transfer functions
(1 + ddi

(s)ki(s))
−1 are stable and there are no right

half plane pole-zero cancellations betweenddi
(s) and

ki(s). This means that the SISO-controllers can be
designed really independently, without concerning
MIMO-stability.

It is clear that only a few systems are perfectly
dyadic. The symmetry in the system must be very
large. In [11], the DTM-method is used to control the
active suspension of an horizontal spray boom. The
actuators of the active suspension are two identical
hydraulic actuators, symmetrically placed around the
middle of the spray boom. Because the spray boom
itself is also symmetrical, the two excitations can be
transformed to a translational and rotational excita-
tion which are independent of each other. Remark
that the DTM-property is lost when the actuators are
not identical.

The symmetry in the four poster is not so distinct.
Remember that the inputs are the control signals to
the hydraulic actuators, and the outputs are the mea-
sured accelerations of the chassis near each wheel.
Assume that the inputs and the outputs are numbered
as follows: 1 is front left, 2 is front right, 3 is rear left
and 4 is rear right. Using the symmetry in the four
poster (e.g. the influence of input 1 on output 1 will
be almost the same as the influence of input 2 on out-
put 2 because the suspensions on left and right are the
same), the system can be described as follows:

G(s) =


g11(s) g12(s) g13(s) g14(s)
g12(s) g11(s) g14(s) g13(s)
g31(s) g32(s) g33(s) g34(s)
g32(s) g31(s) g34(s) g33(s)

 . (8)
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The symmetry is not complete, because the suspen-
sion of the front-wheels differs from the suspension
of the back-wheels. Nevertheless, the system can be
described by 8 transfer functions instead of 16. So
there is some symmetry in the system, but not enough
for the system to be dyadic. From practical measure-
ments it can be further concluded that the coupling
between opposite corners is rather small, sog14 and
g23 are small. Because the system shows a high level
of symmetry and has some level of diagonal domi-
nance by itself, it could be assumed, that a decou-
pled description is accurate, although the system is
not dyadic. This was the main motivation to look for
decoupling transformations for this type of system.

The DTM-procedure to calculate the transforma-
tion matrices, as described by Owens still starts from
a MIMO-model of the system and is only applica-
ble if the system is perfectly dyadic. Because avoid-
ing MIMO-identification is one of the main goals of
the decoupling transformation, and because the four
poster is not perfectly dyadic, this DTM-procedure is
adapted for application on the considered system in
the next section.

3.2 Adaptation of DTM for decoupling
based on measured FRF’s

This section applies Owens’ method to a measured
FRF. In order to do that, three major changes to the
original procedure are necessary. First of all, the mea-
sured FRF is not known at every arbitrary frequency.
The number of frequency points where the FRF is
known depends on the number of samples per period
of the excitation signals, and the minimal and maxi-
mal frequency which is excited. So,c1 andc2 cannot
be chosen arbitrarily, but two frequenciesf1 andf2

must be chosen where the FRF is measured. Then
the transformation matrices can be calculated as the
eigenvectors of̃G(f2)G̃−1(f1) for TY and the eigen-
vectors ofG̃−1(f1)G̃(f2) for T−1

U .
A second problem encountered when applying

Owens’ procedure to a system which is not dyadic,
is the fact that the calculated transformation matri-
ces become complex. If these complex transfor-
mation matrices are used to decouple the system,
the system is perfectly decoupled at the frequencies
f1 and f2, but not at other frequencies: the off-
diagonal elements of the decoupled FRF (D̃(f) =
T−1

Y G̃(f)T−1
U ) are zero atf1 andf2, but not at other

frequencies. Those off-diagonal elements are how-
ever small at the other frequencies, if the system is
nearly dyadic.

Complex transformation matrices are not usable.
Control signals as well as measured outputs have real
values. Many possibilities to avoid the complex trans-
formation matrices have been investigated, and it ap-
pears that retaining the real part of the complex trans-
formation matrices results in the best transformation
(better than using the absolute value). The quality of
the transformation is measured with the tools of sec-
tion 2.2. Due to neglecting the imaginary part of the
transformation matrices, the decoupling isn’t perfect
anymore at the frequenciesf1 andf2. But it is still the
best at those frequencies; the off-diagonal elements of
the decoupled FRF show a dip atf1 andf2.

A third problem is caused by the fact that the
transformation matrices are not unique anymore. If
the system is dyadic, the transformation matrices are
independent of the choice ofc1 and c2. However,
in the considered application, the decoupling quality
strongly depends on the choice off1 andf2.

It was notified that the decoupling is best at the
frequenciesf1 andf2. When theinteraction indexof
the measured FRF is more or less constant within the
frequency band of interest, an appropriate choice of
f1 andf2 will be around 1/3 and 2/3 of the frequency
band of interest. This yields acceptable overall de-
coupling quality within this frequency band. The de-
coupling becomes poor at frequencies much higher or
much lower thanf1 andf2, but around those frequen-
cies, the decoupling is satisfactory. When theinter-
action indexshows a peak at a certain frequency, the
decoupling will be most critical at that frequency, so
the optimal choice off1 andf2 will be around that
frequency. In section 4.1 a method is described to
find the optimalf1 andf2.

Thanks to these three changes to Owens’ DTM-
procedure, the procedure is applicable to measured
FRF’s of a system which is not perfectly dyadic. In
the next section, this method will be used to calcu-
late an initial estimate of the optimization procedure
which is used to further optimize these transformation
matrices.

4 Practical procedure to calcu-
late transformation matrices

In the adapted DTM-procedure (section 3.2), the
transformation matrices are determined by the choice
of only two parameters, namelyf1 andf2. In fact, the
4× 4 transformation matrices contain 32 parameters.
It is obvious that an optimization of all parameters of
the transformation matrices can give a better decou-
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pling of the measured FRF. That’s why the practical
procedure to calculate the best transformation matri-
ces is an optimization of the transformation matrices
itself.

The calculation of the initial estimates of the trans-
formation matrices, which are necessary to start the
optimization procedure, is described in section 4.1.
These initial estimates are based on the method of
section 3.2. The final optimal transformation matri-
ces are found with the optimization routine described
in section 4.2. The whole procedure is summarized in
section 4.3.

4.1 Initial estimate

The only problem left, when applying the adapted
DTM-method of section 3.2 to the measured FRF, is
the choice off1 andf2. To obtain the optimal choice
of f1 andf2, a small optimization routine is used. The
cost-function which is minimized is:

∑
f

 p∑
i=1

 p∑
j=1

∣∣∣∣(G̃(f)−TYD̃d(f)TU

)
ij

∣∣∣∣2
.

(9)
The first summation is a summation over all
frequency-lines of the measured FRF. This cost-
function is the comparison between the measured
FRF, G̃(f), and TYD̃d(f)TU. Remember that
D̃d(f) is the result of neglecting the off-diagonal el-
ements inD̃(f) = T−1

Y G̃(f)T−1
U .

This corresponds to the second way of evaluating
the decoupling quality, described in section 2.2. If
we assume that very accurate SISO-identification is
easily possible (which is validated in section 5), the
difference betweeñDd(f) andDd(s) is very small.
This implies that the minimization of equation (9)
corresponds to the optimization of the decoupled de-
scription of equation (1).

When the starting-values off1 andf2 are chosen
at 1/3 and 2/3 of the frequency band of interest, the
optimization is fast and easy. That’s why the initial
estimate for the main optimization procedure (section
4.2) is based on a small optimization procedure itself:
the high accuracy of the initial estimate speeds up the
main optimization procedure a lot. As will be seen
in the next section, the main optimization procedure
optimizes all elements of the transformation matrices.
This could become cumbersome if the initial guess is
not accurate.

4.2 Optimization procedure

When optimizing the transformation matrices, the 32
parameters of the transformation matrices are not 32
degrees of freedom in the optimization procedure.
Multiplying a column of TY by a certain factor,
and dividing the corresponding row ofTU by the
same factor gives the same decoupling. This scaling-
problem is solved by taking the first elements of ev-
ery columnTY equal to 1, yielding 28 independent
parameters left to optimize.

The basic cost-function is the same as used to op-
timize the choice off1andf2 in the previous section
(equation (9)). The following adaptations of the cost-
function allow the user to do some fine-tuning of the
optimization-procedure to get the most useful trans-
formation matrices.

• When the FRF is measured up to high frequen-
cies, we are not interested in perfect decoupling
at those frequencies. The same is done during
identification, where often an accurate model is
desired within the frequency band of interest, but
the model-quality outside this band is much less
important. That’s why a frequency-dependent
weighting factor is added to the cost-function.

• As mentioned before, the measured FRF of a
four poster has already a certain degree of di-
agonal dominance. So, in the comparison be-
tween the measured FRF andTYD̃d(f)TU, it
is most important that the diagonal elements fit
well. That’s why an extrap×p weighting matrix
is added, which multiplies the appropriate ele-
ments of the MIMO-FRF by the correct weight-
ing constants. Moreover, the interaction between
opposite corners of the car is very small, so these
elements of the FRF’s can almost be neglected in
the optimization procedure.

• It is often interesting to minimize the relative er-
ror, instead of the absolute error as in equation
(9). Therefore, the cost-function is multiplied by
the inverse of the measured FRF. Without this,
the decoupling at anti-resonances could be very
bad.

The resulting cost function is summarized in the
following equation:

∑
f,i,j

∣∣∣∣(G̃(f)−TYD̃d(f)TU

)
ij

∣∣∣∣∣∣∣G̃ij(f)
∣∣∣ w(f)Wij . (10)

W is the constantp × p weighting matrix, to at-
tach more importance to the appropriate elements of
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the FRF,w(f) is the frequency dependent weighting
function to emphasize the frequency band of interest
in the cost-function.

To start the minimization of this cost-function with
a standard optimization routine, an initial guess of
TU and TY is required. This is provided by the
method described in the previous section. A good
initial guess yields fast minimization of the cost-
function of equation (10).

4.3 Summary of decoupling procedure

The complete procedure to find an accurate decoupled
description of the four poster can be summarized as
follows:

1. Measure the MIMO-FRF as accurate as possible.
2. Choosef1 andf2 and start the DTM-based min-

imization procedure of equation (9).
3. The resulting transformation matrices of the pre-

vious step are the initial values for the minimiza-
tion of the cost-function of equation (10).

4. Once the optimal transformation matrices are
calculated,D̃(f) = T−1

Y G̃(f)T−1
U can be cal-

culated.
5. Thep SISO-identifications of the diagonal ele-

ments ofD̃(f) result in the decoupled model:
Dd(s) = diag

{
dd1(s), . . . , ddp(s)

}
.

5 Simulation and experimental
results

5.1 Results on Simulink-model

A simulation model of a four poster is built in a Mat-
lab/Simulink environment. The inputs are the dis-
placements of the hydraulic actuators. On a real four
poster every hydraulic actuator is position controlled,
mostly by an industrial PID-controller. The dynamics
of these control loops are neglected in the simulation
model, so the position of the actuator can be directly
steered. The simulation model consists of a car-body
supported by four suspensions. The car-body is not
rigid: torsion and bending of the body is included in
the model. The suspensions are modeled as a nonlin-
ear spring and a nonlinear damper, connected with the
mass of a wheel. Another spring represents the stiff-
ness of the tyre. This spring is the connection between
the actuator and the mass of a wheel. The outputs of
the simulation model are the positions of the car-body
at the connection points with the suspension. Remark
that at a real four poster the outputs are accelerations

instead of positions, but this makes no difference for
decoupling.

The Simulink-model is used, because the obtained
results are much clearer, and better suitable to explain
the different aspects of the decoupling than the results
of the measured FRF. Although no noise or distur-
bances are added to the model, the FRF’s plotted in
this section show some noisy behaviour at higher fre-
quencies. This is due to the modeled nonlinearities in
the suspension. The different steps of section 4.3 are
now applied to the Simulink-model.

The first step is the measurement of the FRF. It
is important to excite the nonlinear system in a simi-
lar way as during the durability test to obtain the op-
timal linear approximation of the nonlinear system.
Optimal excitation is obtained with multisines [12].
In [13], it is described how the complete FRF matrix
can be measured based on 4 tests. During every test
all wheels are excited between 0.1 and 30 Hz. To av-
erage out the stochastic nonlinearities, 5 different sets
of 4 tests are executed and the average of the 5 mea-
sured FRF’s, resulting from these sets, is calculated.

The second step is the calculation of the initial es-
timates of the transformation matrices. The required
initial values off1 andf2 are chosen at about 10 and
20 Hz. In the third step, the cost-function (equation
(10)) is minimized. Weighting functions were not
used in this example. They will become important
when the decoupling problem is more difficult, such
as in the following section.

After calculation of the decoupled FRF (D̃(f)) in
step 4, the diagonal elements can be identified (step
5). Figure 3 shows the identification result of the
fourth diagonal element. A quick non-linear least
squares algorithm [12] was used. The model-order se-
lection cannot be based on physical insight, because
the decoupled FRF’s have no direct physical mean-
ing. Some trial-and-error is necessary. But with some
experience, SISO-identification can be very accurate,
without taking too much time.

To check the decoupling quality, the interaction in-
dex,λ, (section 2.2) is plotted in figure 4. The inter-
action in the originally measured FRF, is much larger
than one at all frequencies. This means that there is no
diagonal dominance in the system. The dashed line in
figure 4 shows that the decoupling based on the initial
estimate ofTY andTU (section 4.1) is already good.
Step 3 of the decoupling procedure gives still a small
improvement (dotted line). It is clear that the decou-
pled system is diagonal dominant, so it can be con-
trolled very well by 4 independent SISO-controllers.
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Figure 3: Identification of fourth diagonal element of
decoupled FRF:̃D44(f) in solid line and the corre-
sponding identified SISO-model (dd4(s)) in dashed
line.
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pling procedure (dashed) and based on optimal trans-
formation (dotted).

In figure 5 and 6, the measured FRF is com-
pared with a MIMO-modelG(s) and the decou-
pled descriptionTYDd(s)TU. G(s) is the re-
sult of a subspace algorithm ([3],[4]). The order
of the MIMO-model is 10. Higher order models
could give a better fit, but then the subspace method
resulted in unstable models, which are useless for
controller design. Other MIMO-identification meth-
ods (Non-linear least-squares method and Maximum-
Likelihood method) were tried, but the results are
worse. Figure 5 and 6 show the results for the FRF
between input 4 and output 4 and between input 2
and output 1 respectively. These are arbitrary choices.
The results for the other elements of the measured
FRF are comparable. It is clear that the decoupled
description is more accurate than the MIMO-model.
The MIMO-model cannot fit all (anti-) resonances,

especially at higher frequencies.
From these simulation results it is clear that

this type of system can be described as in equa-
tion (1), at least as accurate as with a MIMO-
model. Moreover, the decoupled description offers
following advantages: no time-consumingp × p
MIMO-identification is necessary, and robust well-
understood SISO-control can be used to control a
MIMO-plant.
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Figure 5: Comparison of the measured FRF of
the Simulink-model (solid line), the MIMO-model
G(s) (dashed line) and the decoupled description
TYDd(s)TU (dotted line) from input 4 to output 4.
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Figure 6: Comparison of the measured FRF of
the Simulink-model (solid line), the MIMO-model
G(s) (dashed line) and the decoupled description
TYDd(s)TU (dotted line) from input 2 to output 1.

5.2 Results on a four poster

The final validation of the proposed procedure is per-
formed on a measured FRF of a four poster. The
inputs are the signals sent to the position-controlled
hydraulic actuators, the outputs are the measured ac-
celerations of the chassis near the suspensions. The

532 PROCEEDINGS OFISMA2002 - VOLUME II



measured FRF’s have quite a noisy behaviour, due to
non-linearities in the car, disturbances and measure-
ment noise. Figure 7 and 8 show the results. Once
again, the decoupled description is as accurate as the
MIMO-model.

The MIMO-identification ofG(s) is very diffi-
cult. Again different identification algorithms are
tried out, and the best results are plotted. The decou-
pling procedure was applied straightforward. In step
3, a weighting matrix which emphasizes the diagonal
elements gave better results. This could be expected,
due to the very noisy behaviour of the off-diagonal
elements of the measured FRF.
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Figure 7: Comparison of the measured FRF of
the four poster (solid line), the MIMO-model
G(s) (dashed line) and the decoupled description
TYDd(s)TU (dotted line) from input 2 to output 2.
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Figure 8: Comparison of the measured FRF of
the four poster (solid line), the MIMO-model
G(s) (dashed line) and the decoupled description
TYDd(s)TU (dotted line) from input 2 to output 1.

6 Conclusions and further re-
search

This paper describes a procedure to calculate trans-
formation matrices which decouple as good as possi-
ble a square MIMO-plant. Using this transformation
allows to design a MIMO-controller based on SISO-
identification and SISO-controller design methods. It
is shown that the decoupled description is at least
as accurate as a classical MIMO-model, based on
MIMO-identification, if the system has a certain de-
gree of symmetry. Thanks to the decoupling, ro-
bust SISO-controllers can be used for MIMO-plants.
Nowadays, a lot of MIMO-systems are controlled by
decentralized control, because MIMO-identification
and MIMO-controller design are very difficult. The
interactions are then treated as disturbances for the
SISO-controllers. Of course, this puts some limita-
tions on the performance of these controllers. If de-
coupling is used, the interaction is incorporated in the
controller design, without losing the advantage of us-
ing SISO-identification and SISO-controller design.

The continuation of this research will validate the
proposed control scheme on a four poster. Also other
decoupling schemes will be investigated. In section
3.2 it is mentioned that complex transformation ma-
trices decouple perfectly at two frequencies. If such
transformation matrices are calculated at every fre-
quency, this results in frequency dependent transfor-
mation filters. It will be investigated if this could re-
sult in better decoupling, without loosing the simplic-
ity of the decoupling procedure.
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